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¢ 1. Rudiments of R?

In undergraduate analysis we learned about the Riemann integral which limits the class of functions
one can integrate over. We extend this notion of ”length” in 1-dimension, area in 2, and volume in
3-space into subsets E of R?. We begin with a point 2 € R? we denote by

z=(z1,...,24), x €Ri=1,2 ..4d.
Here addition is defined point-wise, that is, for any z,y € R%, one has
r+y = (T1+ Y1, Ta + Yd)-
Similarly, for any scalar § € R, one has
0x := (021, ..., 0q).

Define the norm of z € R? to be |z| defined via

lz| == (2% + ...+ 22)2.
Thus the ”distance” between z,y € R? is given via

|z —yl.
For a given set E C R¢ define its complement as E° via
E¢:={zcR!:zcRI\Nz ¢ E}.

For two given set E, F C R?, define their distance to be given via

d(E,F) :=inf |z —y|.

Here the infimum is taken over all z € E,y € F.
¢ 1.1 Elements of the Topology

Define the open ball of radius r centered at x via
B(x) :={y €R?: |z —y| <r}.
A subset E C R? is defined to be open if for every x € E, there exists and r > 0 such that
B.(z) CE.

Then define a set F C R to be closed if F€ is open. It is worthy to note that the open subsets
of R? are elements of the topology, mre, on R?. Furthermore, note that any arbitrary union of
open sets is open while any finite union of closed sets is closed. Additionally, arbitrary intersections
of closed need be closed while arbitrary intersections of open need not be open. More formally
speaking, if E, is open for every a € A, some indexing set, then
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is open. A subset F C R? is bounded if it is contained in some finite radius ball. A bounded set
is compact if it is also closed. In R?, compact is equivalent to closed and bounded. This is more
famously known as the Heine-Borel Theorem. A more ”topological” definition of compact sets is
given any open covering of F, that is, for a given collection {O, : a € A} of open subsets of R?
with the property that

EC | O,

acA

there will always exist some finite subset B C A such that

EC | Oa.

aEB

That is, any (arbitrary) open covering of E contains a finite sub-covering of E. Define 2 € R? to
be a limit point of some E C R< if for every r > 0, the intersection

B.(z)\{«}(\E

is non-trivial. That is, B,.(z) \ {z} contains points of E. Well, at least one point. A point = € R?
is said to be an isolated point if x € E and there exists an r > 0 such that

B, (z) ﬂE = {z}.
A point x € R? is said to be an interior point of E C R if there exists an r > 0 such that
B.(z) C E.

The set of all interior points of a given set £ C R? is denoted int(E). We denote the closure of
E via E which consists of F union with all of its limit points. Let the boundary of E be denoted
via OF as

OF :={zx cR?: 2z c E\ int(E)}.

Not that the closure of any set is a closed set and that a set is closed if and only if it contains all
of its own limit points. Lastly, a set E C R? is perfect if E contains no isolated points.

§ 1.2 Rectangles

Define a (closed) rectangle R in R? as the product of d 1—dimensional closed and bounded intervals.
That is,

d
R = H[ak, bk].
k=1

Thus it makes sense for us to define the ”length” of these intervals as

bl — A1y .eny bd — Q-



Then the volume of R, denoted |R| via

d
R|:= [] (o — ax).
k=1
Similarly one can define an open rectangle as
d
R= (ak, bk).
k=1

Furthermore, a rectangle is a cube if one has
b — Ay, = by, — an,
For every m,n € {1,2,...,d}. Thus if Q C R? is a cube with side length I, one has that
Q=17

A union of rectangles is said to be almost disjoint if the interiors are disjoint. This leads us to
our first result.

Lemma 1: If a rectangle is the almost disjoint union of finitely many other rectangles
say R = Ui\;l Ry, then

N
Rl = R
k=1

Proof. We extend the sides of the Ry, ..., Ry indefinitely. This construction yields finitely many
rectangles Ry, ..., Ry; and a partition Jq, ..., Jy of integers between 1 and M such that the unions

M
R=JR;

j=1
and o
Ry = |J R,

J€Jk
are almost disjoint. For the rectangle R, we see that

M

IRl =)IR;l.

Jj=1

This is because our grid partitions the sides of R and each Ej consists of taking products of the
intervals in these partitions. Thus when we add the volumes of the R; we sum up the corresponding



products of the lengths of these intervals that arise which holds for the Ry, ..., Ry. Thus we get

M*
IRl = Y R,

as needed. O
Furthermore we have the result
Lemma 2: If Ry,..., Ry are rectangles and R C ngl Ry, then

N

IR| <) |Ryl.

k=1
Proof. By proof above, note the sets corresponding to the Jj need not be disjoint anymore. O

This leads us to a big theorem.

Theorem 3 Fvery open subset O C R can be written uniquely as a countable union of
disjoint open intervals.

Proof. For each x € O, let I, denote the largest interval containing = such that
I, CO.
Moreover since O is open, there exists some € > 0 such that
(x—e,x+¢€ CO.

So if
a; =1inf{a <z : (a,z) C O}

and
by :=sup{z < b: (x,b) C O}

we then have that
Ay < x < by.

Note that there may exists infinitely many values for a;, b,. If we now take
I, = (ax»bz)v
then x € I, by construction and we even have

I, CO.



Thus

O .= U 1.

zeO

Suppose that for z,y € R we have that I, I, intersect. Then
rel,Ul,CO.

By maximality of the intervals we have constructed, we have that

I,Ul, CI,
and
I,Ul, ClI,.
Forcing
I, =1,
Thus two distinct intervals in
I:= {Iw}zEO

need be disjoint. We must now only show there are countably many distinct intervals in Z. By
their disjointness and by density, each I, will always contain a rational number. As the intervals
are distinct, they contain distinct rationals. This forces Z to be countable as desired. O

Typically, if O is open with
o=J1.
j=1

where the I; are disjoint open intervals, the measure of O ought to be

oo

> Il

j=1
Now we generalize the previous theorem to all of R%:

Theorem 4 Every open subset O C RY can be written as a countable union of almost
disjoint closed cubes.

Proof. By construction we will find a countable collections Q of closed cubes whose interiors are
disjoint. We would like to have
o= e

QeQ

First consider the grid in RY by taking all closed cubes of unit length with integer vertices. I.e.,
consider the grid generated by the lattice Z%. We also use grids formed by cubes of side length
2~ obtained by successively bisecting the original grid in half. We keep or toss our cubes by the
following rule: If

Qco



then we accept @ and if @) intersects both O and O° then we accept it tentatively, and if
QcCo°

then we toss it out. As a second step we bisect the tentative ones into 2¢ cubes of side length 1/2.
We repeat this process. By construction, we have that this collection Q is not only countable but
consists of almost disjoint cubes. To see why

o= e

QEQ

for any « € O there exists a cube with side length 2= containing 2 properly contained inside of
O. This cube has either been accepted or is contained in a cube previously accepted in another
stage. This shows the union covers O. O

Thus if O = Uj’;l R;, then it is natural to assign to O the measure of

oo

>R
j=1
The next section will be of great significance as it shows an interesting set of measure 0.

§ 1.3 Cantors Set

We define what is know as the Cantor Set. We begin with defining the closed unit interval
as

Co = [0, 1].
Then take C; to be the set obtained from cutting out the middle third from Cy. Thus we get
1 2
C:=1[0,-]U[z,1].
1 =10,3]0[,1

Repeating this process gives us
1 21 27 8
=10, = -, = == -, 1.
CQ [07 ]U[973]U[379]U[ ’ }

9 9
We repeat this process indefinitely which gives us a sequence Ci, of decreasing compact sets in the
sense that
CoDCiD...0CkDCkt1 D ...

The Cantor set is then defined to be the intersection

C= ﬁ Ck.
k=0

Clearly C is non-empty as all end points of the Cj, belong to C. Note that C C R is both closed and
bounded and thus compact. Furthermore the space is totally disconnected with no isolated points.



Naturally one would like to know the size or measure of this Cantor Set. Not to be confused with
the cardinality of the set which is the same as the continuum. In terms of measure the Cantor Set
is rather small and in fact has measure 0. As C is a disjoint union of 2¥ intervals each of length
37*, then we have that the length of each of the Cy is just ()" which tends to 0 as k — oo. It is
worth noting that the Hausdorff dimension of the cantor set is

log 2

log3’

§ 2. The Exterior Measure

The exterior measure attempts to describe the size of a set using outside approximations. We make
this definition precise as follows. If E is any subset of R?, define the exterior measure of F as

m.(B) = inf 31Q, 1.
j=1
Here the infimum is taken over all countable coverings
EC U Qj
j=1
by closed cubes. Note m,(E) € [0,00]. We calculate the exterior measure of a few basic examples.

Ezxample 1 The exterior measure of a point is just zero. Furthermore, the exterior measure of
a collection of points is also zero, even countably infinite. Take Q for example. We also note the
exterior measure of the empty set is 0.

Ezxample 2 The exterior measure of closed cubes is equal to its volume. To see this, let @ be
a closed cube in R?. Then since Q covers itself we have

m«(Q) < Q.
We must show then that

which would give us equality. Fix € > 0 and for each j, choose an open cube U; containing @); such
that
Uil < (1+6)|Q;.

As U ; Uj is a covering of @ =U y Q; which is compact thus we can find a finite sub-covering. That
is, we can find a finite subset B C N such that

QQUUJ‘-

jEB
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Consider the closures o
{Uj }jEB-
U, we have that (since closure of an open set has the same

QI <Y |U;l.

jEB

Then by Lemma 2, since @ C |J
measure)

jeB

Then we have
QI < > Ul
jEB
< ) (1460l
jeB
= (1+0> 1Q
jEB
< (140> Qs
jeN

= (1+0m.(Q).

as € was arbitrary we are done.

Ezample 3 If Q) is an open cube, then we still have that m.(Q) = |Q|. Since Q C @ and their
volumes agree, we have

m.(Q) < Q|-

To show the reverse inequality, if Qo is a closed cube inside of @ then any (countable) covering of
Q@ also covers (Qg. Hence

We can pick @y with volume arbitrarily close to the value of |Q|, we get
Q| < m.(Q).

We then have equality as needed.

Ezxample 4 The exterior measure of a rectangle agrees with its volume. By example 2,
|R| < m.(R).

To get the reverse inequality, consider the collection Q of all cubes properly contained inside of R
and the collection @’ of all cubes intersecting R°. Then

RQUQ.

QeQUY’

As Ugeo @ € R one gets

S 1QI< IR

QeQ

11



Moreover there are O(k?~!) cubes in @', with volume k%, so that

> lel=o()

QeQ’
thus we get
1
Y. QISIRI+0(3).

QeEQUY’
Sending k — oo we get the desired result.

Example 5 Note m,(R?) = co. Since any covering of R? also covers any cube Q C RY. Thus
we get
|Q| < my (Rd)'

Since @ can have arbitrary large volume we conclude that m. (R?) = oo.

Ezample 6 The cantor set C has exterior measure zero. To see this, note by construction we
have C C Cy, for every k. Each Cj has 2F disjoint intervals each of length 37%. Thus

0<m.(C) < (;)k

This goes to 0 as k — o0.

§ 2.2 Properties of m,

We note some of the key properties of the exterior measure. First, given a subset E C R?, for
any € > 0, there will exists a covering {Q;}; of E, i.e.,

E C UQj,
J

such that
S me(Q)) < ma(B) +e.
J

That is, F can be approximated from the outside by closed cubes arbitrarily close to E.
Observation 1 (Monotonicity) If E; C Es, then
m(E1) < mu(E2).

Proof. If {Q;} is any covering of Ey by closed cubes, then it is also a covering for Eq and thus the
infimum for F; is taken over a larger collection than that of Fj. O

Observation 2 (Countable sub-additivity) If £ = J; E;, then

my(E) < Zm*(Ej).

12



Proof. We may assume for every j that
my(E;) < oo.

Otherwise we get equality. Let € > 0 be given. For each j one is then guaranteed of a collection
{Qk,j }ren of closed cubes with

€
> 1Qusl < mu(Ey) + 55

keN
Then FE C | ;i ken @r,j 18 a covering of E by closed cubes. Thus we get that

ms(E) < Z|Qk,j|
ik

D> 1Qk ]

ik

€
J
= ) m.(Ej)+e
J
We are finished as this holds for any given € > 0. O

Observation 3 (Approximation by open sets) If E C RY, then m.(E) = inf m,(O). Here the
infimum is taken over all open set O containing F.

Proof. Let O be an open cover for E. Then by monotonicity we get
m(E) < infm,(O).
To see the reverse inequality, let € > 0 be given. We choose our cubes @); such that £ C Uj Qj,

such that .

ST1Q) < ma(B) + 5.
J

For each j, let Q? denote the open cube containing (); such that

Q% < |Q;] +

€
2j+1°

Then O = I Q? is an open set thus by monotonicity, we get

m.(0) < D m.(Q))
= >_9j]

< Z(|Qj+2f+l)
i

< Z|Qa‘|+§
i

< mu(E)+e

13



Hence inf m,(O) < m.(FE). as needed. O
Observation 4 If E = E1 U Ey and d(E1, E3) > 0, then

my(E) = my(E1) + my(Es).
Proof. By monotonicity, we get that
my(E) < my(Er) + m.(Es).
We must show the reverse inequality. Choose a § > 0 such that
d(E1,E) > 6> 0.

For € > 0, select a covering of E by closed cubes,
E C U Qj
J

such that
J

After subdividing the @); we can assume they each have diameter less than . Then by our choice
of ¢, these newly subdivided @); intersect either E; or Ey. Let Ji, Jo denote the set of indices j for
which @ intersects Ey, Fy respectively. Then we get that

JiNJy=0

and that
Ei C U Qj,EQ C U Qj'

JEJ JE€J2

Thus we have

ma(B) +ma(B) < D0 1Qi1+ Y 1Q)]

VIO jEJ2
< >l
J
< mu(E)+e
We are finished as € was arbitrary. O

Observation 5 If E is a contable union of almoast disjoint cubes, then

m.(E) = 3 |1

14



Proof. For some fixed € > 0 let Qj denote the cube properly contained inside of @); such that
~ €
Q] <1Q;] + YR

Then for every N, the cubes o _
Qla Q2a ey QN

are disjoint thus have some finite distance between them. Thus we can apply a repeated use of our
previous observation to see that

1Q;]

M=

m.( Q) =

J 1

(121~ 5)
=1

N
ms(E) > Z Q] — e
j=1

<.
Il

WE

<
Il

Since Zjvzl Q; C E we have that

As N — oo, we see that

Z Q] < m.(E)+e.
J

This holds for any arbitrary € > 0 thus together with Observation 2, we get equality as desired. [

§ 3 The Lebesgue measure
There are a number of ways one can define measurability which all turn out to be the same.

Definition: We say that a subset £ C R? is Lebesgue measurable or simply measurable if for
any € > 0, there exists an open set O with £ C O such that

mu(O\ E) < e.

This can be compared to Observation 3 which holds for all sets. If E is measurable we define its

Lebesgue measure m(E) by
m.(F) :=m(E).

Similarly, for any subset £ C R? and any given set A, E is (Lebesgue) measurable if one has
m(A) =m(ANE)+m(ANE°).

The Lebesgue measure inherits all Observations of the exterior measure.

<back2top>

15



§ 3.1 Properties of m
We immediately inherit a few key properties of the Lebesgue measure.

Property 1 Every open set in R? is measurable.

Proof. Let O C R? be open. Then by Theorem 3, one can write O as a disjoint union of open
intervals. That is,

d
0= H(ak, bk).
k=1

Where each interval is measurable and furthermore a countable union of measurable sets is still
measurable thus O is measurable as needed. O

Property 2 If m.(E) = 0, then E is measurable. In particular, if F is a subset of a set of exterior
measure 0, then F is measurable itself.

Proof. To show F' is measurable, let € > 0 be fixed. Then there exists an open set O with £ C O
with

Since O\ E C O, we get
m«(O\ E) <e.

and thus F is measurable. O
Property 3 A countable union of measurable sets is still measurable.

Proof. Let us assume that £ = Uj E; where E; is measurable for each j. By measurability, for
each j we may find an open set O; with
Ej C Oj
such that c
m (05 \ Bj) < o5
Then the union |J; O; is open and contains E. Then

O\Ec |0\ E)).

J

Thus by monotonicity and sub-additivity of the exterior measure, we get
m(O\E) < Y m.(0;\Ej)
J
< e

as desired. O

Property 4 Closed sets are measurable

16



Proof. First, note it suffices to prove that compact sets are measurable. As a matter of fact, any
closed set F' can be written as a union of compact sets. I.e., one can write

F:ﬂFmBk
k

where By, are balls centered at the origin of radius k. Suppose then that F'is compact and thus has
finite exterior measure. Let € > 0, then by Observation 3 one can find an open set O containing F'
such that

m.(O) < my(F) +e.

As Fis closed, O \ F is open by definition. By a theorem, we can write O as the countable union
of almost disjoint cubes. That is,

o\F =],
J

For any fixed N € N, the finite union

N

Je

j=1
is compact. Thus d(K, F') > 0. By observations 4,5,6 we get that

m.(0) = m.(F)+m.(K)

= m(F) + Y ma(Q))

Hence
Y mi(@Q) < m(O) - mu(F)
J
< e
which holds as N tends to co. By sub-additivity we get
m (O —F) < Y m.(Q;)
J
< e

as we needed. O
We give a Lemma relating closed and compact set.

Lemma 5 If F is closed and K is compact and the sets are disjoint, then

d(F,K) > 0.

Proof. Since F is a closed set, for each x € K, there exists some J, > 0 such that

d(z,F) > 30,.

17



Note that by our choice of §,, we have that

K C | Bas, (2).

zeK

By the compactness of K, there exists some finite subset A C K such that

K c | Bas, (2).
z€A

Take § to be the minimum of the §, for z € A, then
d(F,K) >35> 0.

Then if z € K and if y € F, then for some 2y € A we get

|xg — x| < 20p.
and by construction we have
ly—zl = |y—ao|l—|zo—2
> 300 — 260
> 0.
as needed. O

Property 5 The complement of a measurable set it measurable

Proof. If E C R? is measurable, then for every n € N we may choose an open set O,, with £ C O,,

and
1
-

m«(Op \ E) <

Since O,, is open for each n, its complement Of is closed thus measurable. Thus U = J,, Of, is
measurable as well. Note just by construction we have that

U C E°.

Also note
E°\UCO,\E.

Then by monotonicity, we get that
1
H(EN\U) < =
ma(B\U) <

This gives us a measure zero set E°\ U which is measurable and equal to the union of U and E°\ U
thus E° is measurable. O

Property 6 A countable intersection of measurable sets is measurable

18



Proof. This follows from Properties 3,5 and by set theory since we know that
(N=)=(us)
J J

Inc conlusion, measurable sets are closed under the basicv operations of set theory. Furhtermore,
we have shown closures over countable unions and intersections, not just finite. Note measurable
sets do not behave nicely with respect to uncountable unions and intersections. This leads us to
our next big result.

O

Theorem 6 If £, FEs, ... are disjoint measurable sets, then we have the following equality

m(E) =Y m(E)).

j=1

Proof. We may first assume that the E; are bounded for each j. By Property 5, then we have that
for each j, £ is also measurable. Next we fix some € > 0 then choose closed subsets F; C E; such
that c

m(EJ \FJ) < 27
As the F; are compact, then for any finite subset A C N, we now that {F}};ca forms a compact
collection of sets. Furthermore, note the F} are disjoint since they are inside of the E; which were
assumed to be disjoint. Thus we have by addivitiy that

m(|J Fy) =Y m(F).
JEA JEA
And since | iea Fj C E, then by monotonocity we get that
m(E) > > m(F})
jeA

> Y m(E;) +e

JEA

The reverse inequality also holds by countable sub-additivity and this case is complete.

Next we show the general case in which the E; are not-bounded. We select a sequence of cubes
{Q;}jen which tends to all of R?. That is, Qj C Qjy41 for all 7 and that the union of these cubes
is all of R%. So we define a new sequence. Take

S1:=01,5 =Q; \ Q1.

The latter for j > 2.. These S; are clearly measurable as they are complements of measurable sets.
We can then define measurable unions of sets via

Ey;=E.N Sj.

19



Then we have that

U Ly j,
k,j

which is a disjoint and bounded union and note that E; = Uk} j Erj. Using these facts together
with what has been proven already, we obtain

m(E) = > F;
k.
> m(Er;)
kg
= Zm(Ek)
k

as desired. O

§ 3.2 MCT for sets

Before jumping to the notion of Monotone converging measurable functions we will discuss
what it means for monotone converging sets.

If Eq, E5, ... are measurable increasing sets in the senses that Fy C Ery1 and if E = Uk Ey, we
write By, N F.

Similarly, if the sets Ey, Ea, ... are decreasing in the senses that Ej, D Ej41 and if E = (), Ey
we then write Ey \, E. Moreover, the latter condition requires at least one of the Ey, say E; has
finite measure. That is, m(E1) < co. This leads use to a major corollary.

Corollary 7 If Ey, Es, ... are measurable subsets of R%. Then

o IfEx /NE, then m(E) = limy_y00 m(Ek).
o If B}, \y E and if m(Ey) < +oo for some k, then m(E) = limyn_,0o m(EN).

Proof. For the proof of (a), we define measurable sets G; = E; for k = 1, then for every k > 2
define
G =Ei\ Ex1

By construction, the G}, are measurable, and disjoint. Moreover, note that E = |J, Gx. Then we

20



have

as desired.

For (b), note since the Ej are decreasing, then
E\\ Ey C E1\ Egq1.

Is an increasing sequence. First note from basic set theory, one has

UB\E: = |JENE;
= BEn|JE;
= Ein()Ew"
= B \[)Ex

k

Then we can compute

m(Ex\[Ex) = m(Er)—m([)Ex)

= m( B\ E)
= lim m(E; \ Fx)

n— oo

= m(Ey) — nh_{réo m(Ey)

and since m(E7) < 400, we can subtract it from both sides to obtain the desired result.
The following theorem will play a central roll in approximations of measurable functions.

Theorem 8 Suppose E C R? is measurable. Then, for every e > 0,

21
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There exists an open set O with E C O, and
m(O\ E) <e.

There exists a closed set F' with F' C E and

m(E\ F) <e.
o If m(E) < +oo, then there exists a compact set K with K C E and

m(E\ K) < e.

If m(E) < +oo, then there exists a finite union of F = U;V=1 Q; of closed cubes
such that the symmetric difference of E and F' is less than or equal to €.

Proof. For (a), this just follows from definitions of measurability. For (b), note that since F is
measurable, then so is E¢. So there exists an open set containing ¢ within €. So there exists some
open set O with E¢ C O such that

m(O\ E°) <e.

Since O is open, its complement O¢ is closed and contained inside of E. Moreover, one has that
E\ O°= 0\ E° and thus
m(E\ O0°) <e.

as needed. For (c), we first pick a closed set F' such that
m(E\F)<e.

For each n € N, let B,, denote the ball centered at the origin of radius n. Define compact sets via
K, :=FnNBkB,.

Then E\ K, is a measurable sequence of decreasing sets to E'\ F. Since m(E) < 400, we conclude
for very large n € N that
m(E\ K,) <e.

For the last part, we choose a family of closed cubes {Q;};en so that
E C U Qj,
JEN

and that .
Z Qj| < m(E) + 5

JEN
Since m(E) < 400, the series converges and there exists an N € N such that

oo

>l <

J=N+1

[NCN e

22



If there exists some finite subset A C N where F' = Uje 4 @, then one can compute

mEAF) = m(E\F)+m(F\E)
(oo} oo
- o § o) m(Qes)
J=N+1 j=1
< 3R+ D1Q - m(E)
J=N+1 j=1
< e
as € > 0 was arbitrarily chosen, we are done. O

<back2top>

§ 3.3 Invariance Properties

Often times we would like to know which properties are invariant under the measure function,
m. One key property that is preserved is this notion of translation invariance. That is, one would
like to know the measure of the set {x +h :x € E,h € R%}, in fact the measure is preserved in the

following sense:
m(Ey) = m(E),

where Ej, := {z +h: 2 € E,h € R?}. Suppose we are given some § > 0, then the set
0F :={0x:z € EY},

has (Lebesgue) measure
m(dE) = §m(E).

Furthermore, note that the measure function is reflection invariant as well. That is, if

—E={-z:2€FE},

then
m(—E) =m(E).

§ 4 o—algebras & Borel sets
Definition: A o—algebras of sets is a collection of subsets closed under countable unions, intersections,
and complements. The collection of all o—algebras is of course a o—algebra. We will consider a

particular collection of o—algebras called the Borel o—algebra in R%. This Borel o —algebra will be
the ”smallest” o—algebra containing all of the open subsets of R¢.

<back2top>

§ 4.1 Borel Sets
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From the view point of the Borel sets, the Lebesgue sets arise from the completion of the
o—algebra of the Borel sets, that is, by adjoining all Borel sets of measure zero.

Starting with open and closed sets, which are the most simplest Borel sets, one could list
the Borel sets in order of their complexity. Next in order would be countable intersections of open
sets, called Gg sets and their respective complemenets, the countable union of closed sets, called
the F, sets. This gives rise to our next Corollary.

Corollary 9 A subset E C R? is measurable

o if and only if E differs from a G5 by a set of measure zero
e if and only if E differs from a F, by a set of measure zero
Proof. Clearly E is measurable whenever it satisfies the first or second. This is because the F;, Gs,

and sets of measure zero are all measurable. On the other hand, if F is measurable, then for each
n € N, we may select an open O,, of E such that

1
O,\.F)<—
(O \ ) < -
Then S = J,,cy On is a G5 set containing £ such that
S\ECO,\E
for every n € N thus by monotonicity, we get
1
S\ FE) <~
m(S\E) < .

has zero exterior measure and is therefore measurable. For the second implication, we invoke
Theorem 8(ii) with e = 1. O

n
<back2top>

§ 5 Construction of non-measurable set.

It turns out that not all subsets of R? are in fact measurable. In this section, we give the
construction of a non-measurable set N'. We will consider the case when d = 1, and consider the
following subset of R. We place an equivalence relation ~ on [0,1] by putting  ~ y whenever
x—1y € Q. We quickly get the three properties of an equivalence relation, that is ~ is reflexive,
symmetric, and transitive. Two equivalence classes are either the same or disjoint and we can write
[0,1] as the union over all equivalence classes we write as

0,1] = | Jé&a-

Next, we construct our set N by selecting one element z,, € &, from each equivalence class. That
is, we write

N ={z,}.

This leads us to our big theorem of this section:
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Theorem 10 The set N is non-measurable.

Proof. We prove this theorem by contradiction. We assume that A is measurable. Let {rj}x be
an enumeration of Q N [—1,1]. Consider the translates

Nk = N + k.
I claim the Ny are disjoint and that

0,1 c [N +r c[-1,2].

keN

To see why the sets are disjoint, consider the intersection
N, kN N, [
being non-empty, then there exists rationals ry,r, that are distinct and «, 8 with
To+TE =25+ Tk

Then we have
To =T =Tk — Tk-

And thus a # f and z, — 23 € Q hence z, ~ zg which contradicts N/ containing only one
representative from each equivalence class. The inclusion

N
keN

is immediate by construction. To see why [0, 1] C U,y Nk, let z € [0,1]. Then 2 ~ z, for some «
thus
T — Ty =Tk

for some k € N. Thus x € NV}, and we get the first inclusion. If N is measurable, then so is N}, for
each k£ and by monotonicity, we have that

1< Zm(]\/k) <3.

keN

Since Ny, is a translate of N, we have m(N) = m(N},) for every k. We conclude that

This contradicts our set A/ being measurable since it can neither have measure zero or infinite
measure. O

§ 5.2 Axiom of Choice

The construction of the set N is possible based on the following general proposition.
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Proposition 11 Suppose F is a set and {E, }aca is a collection of non-empty subsets
of E. (Here, the indexing set A is not assumed to be countable). Then there exists a
”choice” function

o= Tq,

such that x, € E, for every a € A.

Definition: In this general form, this assertion is known as the axiom of choice. An initial use of this
mere fact was used to prove the well-ordering principle. We make this a bit more rigorous as follows.

Definition: A set E is linearly ordered if there exists a binary relation < on E such that
(a) z<z;VrxeFE
(b) If z,y € E are distinct, then either z <y or y < x but not both.
(¢) faxz<yandy<z, then z < z.

Definition: We say that a set E' can be well-ordered if it can be linearly ordered in such a way that
every non-empty subset A C E has a smallest element in that ordering. That is an element zy € A
such that z¢o < z for every other z € A. In general, any set E' can be well-ordered. It is in fact
nearly obvious that the well-ordering principle implies the axiom of choice: If we well order E, then
we can choose x, to be the smallest element of E,. Conversely, the axiom of choice implies the
well-ordering principle.

<back2top>

§ 6 Measurable functions For z € FE, we begin with the characteristic function of a given
set £ C R%. That is, define
0 ;2¢FE
e ={ | Lep

We then lean over toward the building blocks of the Riemann integral. For the Riemann integral,
these will be step functions. A step function is a finite sum

N
f=> arxr,(z)
k=1
Where each R; is a rectangle. A simple function is a finite sum

N
f = Z Ak X Ry
k=1

where each Ry is measurable of finite measure, and the a; are constants.

<back2top>

§ 6.1 Properties of finite- valued
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We begin by considering those subsets of R? that take on real-values. That is, for any x €
E c R?, we have
—o0 < f(z) < +o0,

in the case of finite-valued functions f, we say that f is finite-valued if the inequality is strict.
—00 < f(x) < 4o0.

Definition: A function defined on some measurable subset E C R?, is said to be measurable if for
every a € R, the set

fH([~o0a)) ={z € E: f(z) <a}
is measurable. To simplify this notion we often just write

{zeE: f(zx)<a}={f<a}

Note first off that there are many equivalent definitions of a measurable function for us now
given complemenets. For example, we may require the inverse image of closed intervals need be
measurable. In fact, to prove f is measurable if and only if {x € E : f(z) < a} = {f < a} is
measurable for every a € R, note in one direction one has

F<ay=F<at )

Recall a countable union of measurable sets need be measurable thus for the other direction, observe
that

fea=Utr<a-1
k=1

Similarly, f is measurable if and only if {f < a} or {f > a} is measurable for every a € R. This is
immediate from the fact that

{f=>a}={f<a}*
and in the second case we have that

{f <a} ={f>a}"

Consequently, —f is measurable whenever f is. In particular, one can show if f is finite-valued
(that is, —oo < f(z) < 400.), then f is measurable if and only if the set

{a< f<b}
is measurable for every a,b € R. This leads us to our next few properties:

Property 1 The finite-valued function f(x) is measurable if and only if f=*(O) is
measurable for every open set O, and if and only if f~*(F) is measurable for every
closed set F'.

Property 2 If f is continuous on R?, then f is measurable. If f is measurable and
finite-valued and ® is continuous, then ® o f is continuous.
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By continuity of ®, we have that
O ((~o0,a))

is an open set, call it O. Hence
(@0 f)~t=f7HO) = fH0).
is measurable.
Property 3 Suppose {f,}52, is a sequence of measurable functions, then

sup fn(x), inf f,(z), lim sup, f,(x), lim inf f,(x)
n n n—00 n—00

are measurable.

Property 4 If {f,}5°, is a collection of measurable functions and

lim fo(2) = f(2),

n—oo

Then f(x) is measurable.

Property 5 If f and g are measurable, then

(a) The integer powers f* for k > 1 are measurable.
(b) f+g, fg are measurable if both f,g are both finite-valued.

Proof. To sce (a), note if k is odd, then {f* > a} = {f > at}, and if k is even and a > 0, then
{">a}={f >0 }U{f < —at}.

For (b), note that to see why f + g is measurable, we can write

{f+g>a}=J{f>a-rin{g>r}
reQ

To see why the product is measurable, note that

[(f+9)> = (f—9)].

el

fg=
O

Definition: we shall say two functions f, g defined on a set E are equal almost everywhere if the set

{reE: f(x) #9(x)}

has measure zero.
Note that if f, g are defined almost everywhere on measurable subset of R?, then the functions

f+ g, fg can only be defined on the intersection of the domains of f and g. We summarize this
fact with the following property:
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Property 6 Suppose f is measurable and f(z) = g(x) a.e. on E. Then g is measurable.

Proof. To show this, we must show for any measurable set E C R, g(E) € M. That, is g~!(E) is
measurable. Note then that

g HE) = {x:g(x)€ E}
= {z:9(@) e B, f(x) = g(x)} U{z: g(z) € E, f(x) # g(x)}

Since f = g a.e., this tells us the latter of the two sets is a null set. Moreover, if A is a measurable
set in the range of g, then we can write

A = A{z:g(x) € B, f(z)=g(x)}
= {z:f(x) € E, f(z) = g(x)}
= f{z:flz) e E}n{z: f(z) = g(a)}-

Here the first of the two sets is measurable as f is measurable, and the second set is the complement
of a measurable set and is thus measurable. O

<back2top>

§ 7 Approximation via simple and step functions.

A lot of the theorems in this section are of the same nature. We begin by approximating
point-wise, non-negative measurable functions by simple functions. This leads us to our first big
theorem of this section.

Theorem 12 Suppose f is a non-negative measurable function on R?. Then there
exists an increasing sequence of non-negative simple functions {pr}72 | that converges
pointwise to f, namely,

¢k < prrrand lim gp(z) = f(z)
k—oo

for all x.

Proof. We first begin with a truncation. For N > 1, let @ x denote the cube centered at the origin
of side length N. Then define

Fy(z) = N zeE f(x)>N

0 otherwise

{ fl@) jze@n, flx) <N

Then it is clear that
Fn— f

as N — co. Next, we partition the range of Fy(x). Namely, [0, N], as follows. For fixed M, N > 1,
we define

l
Ey:={z€Qn: - < Fy(x) < W},
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for I € [0, MN). Then we can define
l
FN,]VI(*T) = Z MXEZ,I\/I (1‘)
l
Where each Fiv s is a simple function satisfying

1
0<Fn(z)— Fnum(z) < U

for every x. If we choose N = M = 2F with k& > 1, and let ¢}, = Fyk 9, then we see that
1

0< Fu(z) — oi(x) < oF

for every z, and {px} is increasing and satisfies the desired properties. O

Note that the result holds for non-negative functions that are extended valued, if the limit oo is
allowed. We now drop the assumption that f be non-negative.

Theorem 13 Suppose f is measurable on R%. Then there exists a sequence of simple
functions {pr}72, that satisfy

lok(@)] < |okt1(x)]
and
limpZ o (2) = f(2),

for all x.

Proof. We use the decomposition of f into f™ and f~. That is, we can write
flz) = fH(x) = f(2)
where
[ (@) := max(f(),0), f~(z) := max(—f(),0).
Since both functions are non-negative, the previous result gives us two increasing sequences of non-
negative simple functions {go,(cl)},;’o:l and {go,(f)}z';l converging point-wise to f and f~ respectively.
Then if we take " @
or(@) =" (x) — ¢ ()
we see that ¢ — f for every x. Finally, the sequence {|¢x|} is increasing by definitions of fT, f~

and properties of <p,(€1), <p,(€2) imply that

()] = o (@) + o (2)

The next step, is to approximate by step functions. Here, in general, the convergence may hold
only a.e. O

Theorem 14 Suppose f is measurable on R. Then there exists a sequence of step
functions {1 }32 | that converges point-wise to f(x) for almost every x.
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Proof. By the previous theorem, there are simple functions {¢}72; such that

o0

lim oy, (z) = f(z)

for every z. To approximate each @y by a step function, recall Theorem 8 (iv) which states if F is
measurable of finite measure, then for any € > 0 there exists a finite subset A C N such that

mEA | Qr) <e
keA

By considering the grid formed by extending the sides of the cubes, we see there exists almost
disjoint rectnalges Ry, ..., Rps such that

Uea=UR

keA jEB

By taking closed rectangles I?; contained in ﬁj and slightly smaller in size, we find a collection of
disjoint closed rectangles that satisfy

m(E A R;) < 2
jEB

So then by definition of a simple function that for each k, there exists a step function vy, and a
measurable set Fj, such that m(F;) < 5 and that

or(r) = Yi(z)
for every = ¢ Fj. If we define
oo oo
F: U F
1=1 k>l
then m(F) = 0 since

m([j Fi) <> m(Fy) < %

k>l k>l
For x ¢ F, there exists some kg € N such that

T € ﬂ Fy,
k>ko
thus for every k > kg, one has
|f(@) = (@) < |f(@) = en(@)] + lor(x) — ()]
= [f(@) —pr(2)]

and since ¢ — f as n — 0o, we conclude that

lim g (z) = f(x)

k—o0

for every x ¢ F as desired. 0
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§ 8 Littlewood’s Three principles.

Although the notion of measurable sets and functions represents new tools, we should not
overlook their relation to the older concepts they replaced. Littlewood aptly summarized these
connections in the form of three principles that provide a useful intuitive guide in the initial study
of the theory.

(a) Every set is nearly a finite union of intervals.
(b) Every function is nearly continuous.
(¢) Every convergent sequence is nearly uniformly convergent.

The sets and functions referred to above are of course assumed to be measurable. The catch is in
the word ”nearly”. A precise version of the first principle appears in part (iv) of Theorem 8. An
important formulation of the third principle appears in the following result.

Theorem 15 (Egorov) Suppose {fi}7>, is a sequence of measurable functions defined
on a measurable set E with m(E) < co and assume fi, — f a.e. on E. Given ¢ > 0 we
can always find a closed set A C E such that

m(E\ A.) <k,
and fr — f uniformly on A..

Proof. We may assume, without any loss of generality, that fr — f for every € E. For each pair
of non-negative integers n, k let

1
Bpi={z € B |f;(@) - f@)] <}
Now, fix n € N and note that the E}} are increasing in set containment. That is,
Ep C Efa

for every k. Furthermore, note that £} , E. By MCT for measurable sets, there exists some
k, € N such that
m(E\ By ) <e

By construction then we have that
1
f5() — @) <

whenever j >k, and x € B}’ . Next, we select our N € N such that

and let



Then note

m(Em\ A.) <

NE

m(E\ Ef,)
N

<

w\mﬁ

Next, if § > 0, we can choose n > N such that % < 6 and note that = € A, implies = € ER . So
then whenever j > k,,, we have

|fi(x) = f@)] <.
Thus fr — f uniformly on A,. Finally, by Theorem 8, we can choose a closed subset A, C A, with

m(Ac\ Al) < g
This results in

m(E\ Ae) < e.
as desired.

The next result attests to the second of three principles.

Theorem 16 (Lusin) Suppose f is measurable and finite valued on E with E having
finite measure. Then for every € > 0, there exists a closed set F, with

F.CFE
and

m(E\ Fe) <e,
and such that f|F. is continuous.

Proof. Let f, be a sequence of step functions such that

fn = f

a.e. z. Then we can find sets FE,, such that m(E,) < 5

5= and f,, is continuous outside of E,. By
Egorov’s Theorem, we can find a closed set A< C E on which f, — f uniformly and

€
3 .

Fl=Ag\ U E,
n>N

We then consider the the set

for N so large that

1 <e
an " 3

n>N

Now for all n > N, the function f, is continuous on F’, thus f is also continuous on F’. We can
then approximate F’ by a closed set F, such that

m(F'\ F.) <e.
and we are done.
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¢ Exercises (with solutions):

Ezxercise 1 Suppose E is a given set, and O, is the open set
1
O, ={z:d(z,E) < E}

Show If F is compact, then
m(E) = lim m(O,).

n—oo

Proof. Note that for every k, one has
O, D Ok—i—l

And thus O,, \( F, Then by MCT for measurable sets, one has that

m(E) = lim m(O,)

n—roo

O

Exercise 2 If § = (01,02, ...,04) is a d—tuple of positive numbers §; € (0,00). and E C R%, defined
OF by
OF = {(51$17 ~~-75dxd) : (xl,acg, ...,.’Ed) S E}

Prove 6 F is measurable whenever £ C R? is measurable and that
m(0E) =61 ... dgm(E).
Proof. We would like to find for any € > 0 that there exists an open set O containing § E such that
m(O\0F) <e

First let us define the product as
A=0d1-...- 04

Recall if Q = szl[ak, bi] is a closed cube with aj < by, then

d
H bk—ak

Furthermore, note that if @ is any closed cube, then

d
6Q = [ [ [6xax, 6xbs]
k=1

in which case we obtain

d
H k — ak Am(Q)
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Next, notice that if O is open, then 6O is open as well. To see this, for any = € O implies there

exists an r > 0 such that B,.(z) C O. Take 7 := min{dy, ..., 04}, then if z € O, we get that dz € 6O

and B, .(dz) C §O. By measurability of E, for any given € > 0, there exists some open set, call it

O, containing E such that .
m(O\ E) < X

Clearly, E C O implies 6 FE C 6O, then we can compute out the measure:

m(8O\ 6E) = inf{Zm(éQk) :O\EcJ Qk}
k=1 k=1
= inf{AZm(Qk) :O\EC U Qk}
k=1 k=1
= Am(O\E)
< ag
< €
as needed. O

Exercise 3 Let B be a ball in R? of radius 7. Then prove

m(B) = vgr?
where vg = m(Bi) is the measure of the unit ball.

Proof. Since the Lebesgue measure is translation invariant, one can consider balls centered at the
origin. Then by Theorem 4, one can write

(@

Bi(0) = | Qj

k

1

where {Q,}; is a collection of almost disjoint closed cubes. Thus we have

vg = m(B1(0)) = Zm(Qk)

k=1
Note any dilation of the unit ball is done by taking the d—tuple 6 = (r,r, ..., 7), then we can compute

m(B,(0)) = m(3B1(0))
= r'm(B1(0))

= rdvd

as desired. O

Ezercise 4 (Borel-Cantelli Lemma) Suppose {Ej}ren is a collection of measurable subsets of

R¢. Furthermore, suppose that
o0

Zm(Ek) < 00.

k=1
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Let
E = {zeR%:x e Ej, for infinitely many k}
= lim sup(E}).
k—oo
Show E' is measurable with measure zero.

Proof. Since for each k € N, Ej, is measurable, then the countable union

An = U Ek

k>n

is measurable as well. Note since we can write

DL

E=() A,

n=1

then E is measurable. To show m(E) = 0, suppose towards a contradiction that m(E) = ¢ > 0.

We can then define N
Sve= U E.= | En
k=1n>k n>N

Then we have that Sy \; E and thus for every N € N, one has

= m(|J En)
n>N
= D m(E)
n=N
This contradicts the measures being finite. O

<back2top>

§ 10. Integration

The general notion of a Lebesgue integral on R? will be defined in a step by step manner.
At each stage, we will see the definitions of the integral satisfies elementary properties such as
linearity and monotonicity. We proceed in four stages, by progressively integrating.

1. Simple functions
2. Bounded functions supported on a set of finite measure
3. Non-negative functions

4. Integrable functions (the general case)
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§ 10.1 Simple functions
We assume that all functions are measurable. At the beginning we consider only finite valued

functions, then carry on into complex and extended valued. Recall from the previous sections that
a simple function is a finite sum

N
p(r) = arxe, (@),
k=1
where the aj are constants and the E}; measurable sets of finite measure.
Definition: The canonical form of ¢ is the unique decomposition of the simple function above
such that the a; are distinct, and non-zero and the E}, are pair-wise disjoint. Finding the canonical

form of ¢ is straightforward: since ¢ can take on only finitely many values, say ¢y, ..., cps, we may
set

Fr :={z: p(z) = e},

and note the Fj are pairwise disjoint. Therefore,

M
(p(x) = Z CkXFy»
k=1

is the desired canonical form.

Definition: If ¢ is a simple function with canonical form ¢(z) = Zﬁil CkXF,, then we define

its Lebesgue integral of ¢ by
M
o(z)dz = ckm(Fy).
e =3

If £ C R? is measurable with finite measure, then ¢(x)xg(x)is also a simple function and define

| etarie = [ @),

To emphasize the use of the Lebesgue measure m, one often writes

Aymmm»

for the Lebesgue integral of .

Proposition 10.1 The integral of simple functions defined above satisfies the following properties:

1. Independence of representation. If ¢ = E,JCVZI arXE, 1S any representation of ¢, then

N
/<P =Y axm(Ey)
k=1
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2. Linearity. If v, are simple functions and a,b € R, then

/(ag@—i—bw):a/ga—i-b/l/}.

3. Additivity. If E,F are disjoint subsets of R% with finite measure, then

Jow?= Je b
EUF E F

4. Monotonicity. If ¢ < are simple functions, then

[o< [

5. Triangle inequality. If ¢ is a simple function, then so is ||, and

o< [

Proof. For 1., suppose ¢ = Zszl arXE,, where the Ej are disjoint, but we do not suppose the ay
are distinct and nonzero. For each distinct non-zero value a amongst {ay}, define

E, :={JE}
k
where the union is taken over those indices k such that a; = a. Note then that the E! are disjoint,

and
m(EL) =3 m(Ey).

Here the sum is taken over the same set of k’s. Then we clearly have

p(x) = Z aRXE,

where the sum is taken over the distinct non-zero values of {ax}. Thus we have

/ p = Y am(E})
N

= Zakm(Ek).
k=1

Next suppose that
N
Y= Z Ak X By,
k=1

where the Ej are no longer assumed to be disjoint. We can then "refine” the decomposition
N
U &
k=1
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by finding sets E, E5, ..., E¥ such that

=2

E.=|JE;.
k=1 j=1

And the E7 are disjoint. For each k, we have

E.=|JE;
here the union is taken over those E7 that are contained in Ej. For each j now, let

*
aj—g Q.

with the sum taken over all k such that E} contains Ej* Then we have

n
.
p— a<
¥ Z JXE;
j=1

however the I are disjoint, thus we obtain

Jo = Tam)
> > wm(E))

EkDEJ*
= Z akm(Ek)

and thus 1. is proven. For 2., using any representation of ¢ and 1) works together with the linearity
of 1. For additivity, note that if E N F = (), then

XEUF = XE + XF

this fact together with linearity of the integral gives us 3. For 4., if n > 0 is a non-negative simple
function, then its canonical form is everywhere non-negative as well and thus

/nZO

by definition of the integral. Applying this argument to ¢ — v gives us the desired result. Finally,
for the triangle inequality, we write ( is its canonical form, that is,

N
Y= Z Ak X By,
k=1
and note that

N
ol = larlxz, -
k=1
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Thus we can compute

TR

A
¢
S
El
=

as desired. 0

§ 10.2 Bounded functions supported on finite measure set

Definition: The support of a measurable function f is the set of all points where f does not
vanish. This is given as

supp(f) :={xz: f(z) # 0}.
We shall say f is supported on a set E if f(z) = 0 whenever x ¢ E. Since f is measurable, so is
the set supp(f). We will next be interested in those bounded measurable functions that have

m(supp(f)) < oo.

The key lemma that follows allows us to define the integral for the class of bounded functions
supported on sets of finite measure.

Lemma 17 Let f be bounded function supported on a set of finite measure E. If {pr}
is any sequence of simple functions bounded by M, supported on E and with ¢ — f
for a.e. x, then

1. The limit lim,_, [ @n exists.
2. If f =0 a.e., then the limit lim,_,~ [ ¢, equals 0.

Proof. Since m(FE) < +oo, by Egorov’s Theorem we are guaranteed the existence of a closed
measurable set A, C F such that
m(E\ Ae) <,

and ¢, — f uniformly on A.. Then let [, := f wn and compute out
n—Im| = / lon(z) = Pm ()
E
= [ Jenl@) = @izt [ lpala) - on(a)ldo

A, E\A.

/ (on(2) — ()| di + 2Mm(E N\ A,)

IN

e

IN

/ |on () — om(x)|dx + 2Me.

e
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By the uniform convergence, one has for all z € A, and large n, m that |, (z) — ¢m ()] < € thus
[T, — Im| < m(E)e + 2Me.
as € > (0 are arbitrary, we are done. O

We use Lemma 17 to turn to the integration of bounded functions that are supported on sets of
finite measure.

Definition: For such functions, define its Lebesgue integral to be given via

n—oo

/f(ac)d:c = lim /gon(m)dac.
Here {p,} is any sequence of simple functions satisfying
on(z)] < M,

each ¢, is supported on the support of f and ¢, (z) — f(z) as n — occ.

If E C RY with finite measure, and f is bounded with m(supp(f)) < oo, then it is natural
to define

/E f@)iz = [ fa)xe(opds

Clearly, if f is simple itself, then f f as defined above coincides with the integral of simple functions
studied earlier. This definition also satisfies certain properties.

Proposition 10.2 Suppose f and g are bounded functions supported on a set of finite measure.

Then the following properties hold
/af+bg=a/f—|—b/g.

2. Additivity. If E,F are disjoint subsets of R?, then

Joue? =5 10
[r<]s

4. Triangle inequality. |f| is also bounded, supported on a set of finite measure, and

i< [in

We are now ready to prove one of the biggest convergence theorems, known as the bounded
convergence theorem.

1. Linearity. If a,b € R, then

8. Monotonicity. If f < g, then
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Theorem 18 (Bounded convergence theorem) Suppose that { f,, }nen s a sequence
of measurable functions that are all bounded by M, supported on E of finite measure
and f, — f a.e. x as n — oo, then f is measurable, bounded, supported on E for a.e.

x and
18- 110

JERYE

Proof. By assumption, on sees that f is bounded by M a.e., and vanishes outside of F, except
possibly on a set of measure zero. By the triangle inequality, one only needs to prove [ |f, —f| — 0
as n — oco. Given some € > 0, by Egorov’s Theorem one is guaranteed the existence of a closed
subset A, C E such that

as n — co. Consequently,

as n — 0.

m(E\ Ac) <e
and f, — f uniformly on A.. Then we know for n > N € N, that
[fn(@) = fl2) < e

We can thus compute

IN

/umm—fuwm AI%@ﬂ—ﬂ@W%ﬁéwlhﬁﬁ—ﬂ@Wx

< em(E)+2Mm(E\ Ae)

and since € > 0 are arbitrary, this holds for all large n and we are done. O

We note that the above congruence theorem is a statement about the interchange of an integral
and a limit. Since its conclusion says

lim [ f, = / lim f,

n— oo n— oo

A useful observation at this point is the following: if f > 0 is bounded and supported on a set of
finite measure E, and if [ f =0, then f = 0 a.e. z. Indeed, if for each integer k > 1 we set

1
Ek::{mEE:f(m)>E}
then, the fact that +xg, () < f(x) implies
1
(B < [ 1

by monotonicity of the integral. Thus m(Ey) = 0 for all k, and since

{x:f(:r)>0}:UEk
k=1
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we see f =0 a.e. x.

§ 11. Return to Riemann integral

We shall show that Riemann integrable functions are also Lebesgue integrable. This will be
formalized in the fllowing theorem.

Theorem 19 Suppose f is Riemann integrable on [a,b]. Then f is measurable, and

R L
(z)dzx = f(z)dz,
[a,b] la,b]

where the left handed side is the standard Riemann integral and the right handed side is
the standard Lebesque integral.

Proof. By definition, a Riemann integrable function is bounded. Let’s say there exists some M € R
such that
|f(@)] < M.

Again, by definition of Riemann integrability we can construct two sequence of step functions {¢y}
and {t¢} such that
ok, [w| < M

for all © € [a,b] and k > 1,

o1(z) < a(x) < .. < f <o < Wa(a) <t (),

and
R

R R
lim or(z)de = lim Yr(z)dr = fz)dz. (%)

k— o0 [a,b] k— o0 [a,b] [a,b]

Several observations are in order here. First, for step functions, it is clear that Riemann and
Lebesgue integrals agree. Thus

and

Next, if we let

we have
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Moreover, both ¢ and 1[) are measurable as they are limits of step functions. By the bounded
convergence theorem, we obtain

L L
lim pr(z)dr = / o(x)dx
[

k=00 J1a,b) a,b]
and
L L
lim Y(x)dr = Y(z)dz
k=00 J1q,p] [a,b]

Thus by (%) and (*x), we have B
|, 6 iz =o
and since ¥y — @ > 0, we have 1[) — ¢ > 0. Thus 12 — @ =0 a.e. x. Therefore
b=¢=f1

a.e. x thus f is measurable. Since ¢ — f a.e., we have that

c c
lim or(x)dr = f(z)dz,
k=00 Jiq,p] [a,b]
and by (x) and (**) we conclude that
R c
f@de = [ f@)da
[a,b] la,b]
as needed. O

<back2top>

§ 12. Stage three: non-negative functions

We proceed with functions that are measurable and non-negative but not necessarily bounded.
It will be important to allow these functions to take on extended real values such as co. Recall the
supremum of a set of positive numbers to be 4oc if the set is unbounded. In the case of such a
function f, we define its (extended) Lebesgue integral by

[ o= sup [ starda.

here the supremum is taken over all measurable functions g such that
0<g</f,

and where g is bounded and supported on a finite measure set. With the above definition of the
integral, there are only two possibilities; the supremum is either infinite or finite. In the case where
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[ f(z)dz < oo, we shall say f is Lebesgue integrable. Clearly, if E C R? is measurable and f > 0,
then f,, is also positive and we define

| t@ie = [ r@pxea.

Some examples are
lz|7* e[ <1

f“(x):{ 0 fr>1

Then f, is integrable when a < d. Another example is given by

1

Fo(r) = [Eam

is integrable when a > d. The following proposition is for the integral of non-negative measurable
functions.

Proposition 10.3 The integral of non-negative measurable functions enjoys the following
properties:

1. Linearity. If f,g >0 and a,b € RT, then

/(af+bg):a/f+b/g.

2. Additivity. If E,F are disjoint subsets of R¢ and f > 0, then

Jut =075 0

3. Monotonicity. If 0 < f < g, then
/ < / g

4. If g is integrable and 0 < f < g, then f is integrable.
5. If f is integrable, then f(z) < o0 a.e. x.
6. If [ f =0, then f(z) =0 for a.e. x.

We next turn our attention to some important convergence theorems for non-negative measurable
functions.

Lemma 20 (Fatou’s Lemma) Suppose that { f,} is a sequence of measurable functions
with fn, > 0. If lim, o fn(z) = f(z) for a.e. x, then

f < lim inf/fn.

n—oo
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Proof. Suppose there exists some function bounded and supported on a finite measure set E, call
it g such that
0<g</f

If we set g, (x) = min(g(z), f»(x)), then g, is measurable and supported on a E. Moreover, g, — ¢
a.e. x, thus by bounded convergence theorem,

o)

By our construction, we also have g, < f,, thus by monotonicity, we have [ g, < [ f, and therefore

/ g < lim inf [ f,

n— oo

by taking the supremum over all g yields the desired result. O

Corollary 21 Suppose f is a non-negative measurable function and {f,} is a sequence
of non-negative measurable functions with f, < f and f, — f for almost every x. Then

b f 1 [

Proof. Since f, < f, by monotonicity of the Lebesgue integral we have

/hé/f
o [ 125 [

Combining this together with the result from Fatou’s Lemma, we obtain the desired result. O

for every n. Hence

We are now ready for the big theorem for monotone increasingly functions.

Theorem 22 (Monotone Convergence Theorem) Suppose {f,} is a sequence of
non-negative measurable functions with f, /' f, then

lim fn= /f
n—oo
A useful corollary follows.

Corollary 23 Consider a series y_po, ai(z) where ag(z) > 0 is measurable for every

k>1, then . o
/;ak(x) = I;/ak(x)dx.

If 302, [ ax(x)dx is finite, then the series y -, ap(x) converges for a.e. .
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Proof. Let

3

Falz) =Y an(@), f(x) =) arlx).
k=1

k=1
The f,, are measurable for all n, and f,(x) < f,+1(z) and f, — f as n — oco. Since

[ .- > [ atwiz,

by MCT we can pull out the integral thus

g/ak(x)dx:/gak(x)dx.

If the sum
Z/ak <0

then Y 77 | ax(x)dz is integrable, and thus finite a.e. z. O

§ 12.2 General Case

Definition: If f is any real-valued measurable function on R?, we say f is Lebesgue integrable
if the non-negative measurable function |f| is integrable in the sense of the previous section. If f is
Lebesgue integrable, we give meaning to its integral as follows. First, we define

fTi=max(f(x),0), f~ := max(—f(z),0).

So that f*, f~ are both non-negative and we have f = f* — f~ and since f* < |f|, both f* and
f~ are integrable whenever f is integrable. We can now define its Lebesgue integral by

fr-fr-fr

And note that the definition of the integral is independent of the decomposition of f. The integral
of Lebesgue integrable functions is linear, additive, monotonic, and satisfies the triangle inequality.
The next theorem relates integrability with finite measure sets.

Proposition 24 Suppose f is integrable on R%. Then for every e > 0,

1. There exists a finite measure ball B such that

| i<

fl<e
E

2. There exists a 6 > 0 such that

whenever m(FE) < 4.
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Proof. By replacing f with |f|, we may assume without any loss of generality that f > 0. For (1),
let By denote the ball of radius N centered at the origin. Note that if fx(x) = f(z)xpy (), then
fn is measurable and fy < fyy1 and

lim fy=f,

N —oc0

Jim In= / I
In particular, for some large N, one has

os/f—/fxBN(:c><e

and since 1 — xpy = xBg, (), this implies that

by MCT then we have that

f<e

By

as desired.
For (2), assuming that f > 0, we take

fn(@) = f(z)xEy

where
—{a: f(x) < N}.

Once again, fy > 0 is measurable and fy < fy41 so given some € > 0, by the MCT there exists
an integer N € N such that

/(f—fN)<§

We now choose ¢ > 0 such that N0 < §. Then if m(E) < J, then

/Ef /E(f—fN>+/EfN

< /(f*fN)JF/EfN
< [ x4 Nm(E)
< €€
< 54‘5
= e
as needed. O

Next, we state and prove the dominated convergence theorem.
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Theorem 25 (Dominated convergence theorem) Suppose {f,} is a sequence of
measurable functions such that f, — [ a.e. x, as n — oco. If | fn(2)| < g(x), where g is

integrable, then
[1ta= 110
[t |1

En:={z:|z| < N,g(x) < N}

as n — oo and consequently,

as n — o0

Proof. For each N >0 let

Given some € > 0 by proposition 24 part 1, we have

Aﬂ g(z)dz < e,

c
N

Then the f,,xg, are bounded by N, and supported on a set of finite measure thus by the bounded
convergence theorem we have
/ [fn— fl <e
En
as n — oo and thus we compute

JREET N S T

N

< [Elen—fIJr?[E g

<
< €+ 2¢
3e.

as € was arbitrary, the theorem is proven. O

§ 13. L' functions
The fact that integrable functions form a vector space is an important result about the algebraic
properties of these functions. One fundamental fact is that this space of functions is complete with

respect to the appropriate norm.

Definition: For any integrable function f on R? we define the norm of f to be

1A= 12 = Wfllesesy = [ £ @)lda.

Note that || f|| = 0 if and only if f = 0, thus in L' two functions are equivalent if they agree almost
everywhere. Moreover, L'(R?) is a vector space and we have the following proposition:

Proposition 26 Suppose f,g € L*(RY), then
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1. |afl|prgay = lall|fllLr gay

2. If +9llrway < fllrwey + 19llor ey

3. |[fllr(rey = 0 if and only if f =0 a.e. =

4. d(f,g) = ||f — gllL1 e defines a metric on L' (RY)

Definition: A vector space is said to be complete if every Cauchy sequence converges. The following
is a theorem about the completeness of L'.

Theorem 27 (Riesz-Fischer) The vector space L' is complete in the metric.

Proof. Suppose {f,} is a Cauchy sequence in the norm. That is,

as n — oo. We plan on constructing a subsequence converging to f. both point-wise almost
everywhere and in the norm. We consider the subsequence {f,,} of {f,} with the following

property:
1

||f’ﬂk+1 _fnk” < 27

for every k > 1. We are guaranteed such a sequence since {f,} is Cauchy. That is,

||fn - me <e
whenever m,n > N(e). Thus it suffices to take
1

We now consider the following series

f( fnl +Z f’fl)c+1 fnk ))
k=1

and

g(il?):|fn1 |+Z‘fnk+1 fnk )|

Thus by the monotone convergence theorem g is integrable and since |f| < g, so is f. In particular,
the series defining f converges almost everywhere and since the partial sums are the f,,, , we find
that

foi (@) = f(2)

a.e. x. We must now prove f,, — f in L'. Note that

|f_f7lk|gg

for every k, then by the dominated convergence theorem

fnw = fllzr =0
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as k — oo. Lastly, we must show f € L. Recall that the sequence {f,} is Cauchy so given € > 0,
there exists an N € N such that whenever m,n > N one has

€

= Fl < 5

If n; is chosen such that n; > N and
€
lfne = fI1 < 5
then by triangle inqeuality we have

[fn = FIl <Ml fn = Pl + [ i = FIl <€
whenever n > N. Thus {f,} has limit f € L' as desired. O

Since every sequence that converges in the norm is also a Cauchy sequence in that norm, we obtain
the following Corollary:

Corollary 28 If {f,} converges to f in L', then there exists a subsequence {f,,} such
that

a.e. x.

Definition: We say a family of integrable functions is dense in L if for any f € L' and € > 0 there
exists an integrable function g such that

I1f = gller <e
We describe those families of integrable functions that are dense in L' in the following theorem.
Theorem 29 The following families of functions are dense in L':

1. The simple functions.
2. The step functions.

3. The continuous functions of compact support.
Proof. Let f be integrable on R? and assume f is real valued. In this case we can write
f=f—f

where f*, 20, it suffices to prove the theorem for when f > 0. For (1), by theorem 14 we are
guaranteed the existence of non-negative simple functions {¢x} that increase to f point wise. By
the dominated convergence theorem we have

lf —ekllcr =0 as k — oo,

thus there are simple functions arbitrarily close to f in the L' norm.
For (2), note by (1) it suffices to approximate simple functions by step functions. Recall a simple

o1



function is a finite linear combination of characteristic functions of finite measure E. So it suffices
to show if F is such a set, then

lIxe — ||

is small. As done in theorem 14’s proof, there exists an almost disjoint collection of rectangles {R;}

such that
M

m(E A U < 2e.

j=1

Thus xg and ¢ =} ; xr, differ at most on a set of measure 2¢ thus

[IxE — ¥|l01 < 2e.

And we are done with the proof of (2).
For (3) it suffices to use (2) when f is the characteristic function of a rectangle. We choose a piece
wise linear function defined via

(z) = 1 iz € [a, b
g o 0 ;z2<a—e€,x>b+c¢
Thus g is linear on [a — €,a] and [b,b + €], then we have

I[f —gllor < 2e
as needed. O

§ 13.2 Invariance properties

Definition: If f is a function defined on R?, the translation of f by a vector h € R? is the
function f; defined via

fu(x) = f(x —h).
Here we examine some key properties of integrable functions. First thing, there is translation
-invariance of the integral. That is, if f is integrable then so it f5, and

fa—hyde= | f@)de (1)
Rd Rd

The above equality follows from the fact that mm(E) = m(E}p). Thus if f is complex valued, then

[ Ve =midz = [ 17@)as,

[ Fnll = 11£1]-

Thus (1) holds precisely when f € L'(R?). Similarly to invariance properties of a measurable set,
if f is integrable, then so is f(dx) and f(—z) and we have

this shows f;, € L'(R?) and also

o [ fox)= [ fla)da,
R4 R4
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and

f(=z)dx = f(x)dx.

Suppose now that f, g are two integrable functions defined on R? so that for some fixed z € R¢,
the function defined via

y—= flz—y)gy)

and as a Consequence,
y = f(y)g(z —y)

is also integrable and we have

flz —y)g(y)dy = / f(W)g(z —y)dy.
Rd Rd

Definition: The integral on the left hand side is denote (fxg)(x) and defined as the convolution of
f and g.

Note that for any given x € R%, the statement f;, — f as h — 0 is the same as the continuity
of f at point x. It is possible that an integrable function f be discontinuous at every x, however
there is an overall continuity that some arbitrary f € L'(R?) enjoys, one that holds in the norm.

Proposition 30 Suppose that f € L*(RY). Then

I[fn = fller =0
as h — 0.

Proof. For any given ¢ > 0, one can find a function g such that

If —gll <e

Then we can compute
fo=f=(gn=9)+ (fn—9n) = (f —9),
however, we have
fn = gnll = |If —gll <€

while g is continuous with compact support, we have that

lon = gll = [ late— 1) = ga)lds 0, as b oo
R L
Thus if |h| < §, where § is sufficiently small, then

llgn —gll < e

and as a consequence,
[|fn — fll <3¢,  whenever |h| <§

and we are finished with the proof as € was chosen arbitrarily. O
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<back2top>

§ 14 Fubini’s Theorem

In elementary calculus integrals of continuous functions of several variables are often calculated
by iterating one-dimensional integrals. In general, we may write R? as the product

R? = R4 x R%,  where d = dy + do and dy,dy > 1.

A point in R then takes the form (x,y) where z € R%, 3y € R9 with this in mind we formalize
the notion of a ”slice”.

Definition: If f is a function in R4 x R%, the slice of f corresponding to y € R% is the function
fY of the x € R% variable, given by

[ (x) = f(z,y).
Similarly, the slice of f for a fixed z € R% is f,(y) = f(x,v).

Definition: In the case of a set £ C R%* x R%, we define its slices by
EY:={zx € R" : (z,y) € E}andE, := {y € R% : (z,y) € E}

Note that f being measurable on R¢ does not guarantee the slice f¥ be measurable on R% . This
leads us to our next big theorem.

Theorem 31 Suppose that f(x,y) is integrable on R% x R9. Then for almost every
y € R,

1. The slice fY is integrable on R™
2. The function defined by [qa, fY(x)dx is integrable on R,

3. Moreover,
/ ( f(x,y)dx) ay= | f.
Rd2 ]Rdl Rd

Proof. Any finite linear combination of functions that are integrable is still integrable. Thus we
let {fx}2_, be a sequence of integrable functions. For each k, there exists a set A C R% of
measure zero such that f is integrable on R% whenever y ¢ Ay. If A = Ug:l Ap, then m(A) =0
and in A the y—slice corresponding to any finite linear combination of the f; is measurable, and
also integrable. By linearity of the integral we conclude that any linear combination of the fi’s is
integrable. Let F denote the set of integrable functions on R? which satisfy all three conditions of
Theorem 31.

Suppose now that {f} is a sequence of integrable functions such that fi * f or fr \, f where
fi is integrable on R%, then so is f. Note it suffices to only consider the case of an increasing
sequence. Also, we may replace fi by fr — f1 and assume the fi’s are non-negative. Then by the
monotone convergence theorem,

lim [ (e, y)dedy = / F(w,y)dady.
Rd

k—o0
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By our assumption, for each k, there exists a set A, C R such that /i is integrable on R%
whenever y & Ay. If A =y, Ak, then m(A) = 0 in R?2 and if y ¢ A, then f} is integrable on
R% for every k, and by the monotone convergence theorem,

ar(y) = fgdm increases to a limit  g(y) = / fY(x)dz.
R41 R41

as k — oco. By assumption, each g, is integrable, so another application of the monotone convergence
theorem yields

/ gk (y)dy — gly)dy as k — oo.
Rd2 Rd2

By assumption that the f; are integrable we have

/ gk (y)dy = / fi(, y)dady
Rd2 ]Rd

Combining this with the facts up top we get that

/ g(y)dy = / fu(z, y)dedy.
Rd2 R4

Since f is integrable, the right hand side is finite which implies ¢ is integrable. Consequently,
g(y) < oo ae. y hence f¥ is integrable for a.e. y and

/Rdz < » f(:l:,y)dx)dy = /Rd f(z,y)dxdy

This proves f is integrable over R?, that is, f € F.

Next, we show any characteristic function of a set E that is a Gs set and of finite measure
is integrable over R%. First suppose E is a bounded open cube, so

FE=QixQ  where Qq, Qo are open cubes in R%, R9 respectively

Then for each y, the function xg(x,y) is measurable in = and integrable with

gly) = /]Rd1 xe(z,y)dx { |%1| 1Y € Qo

; otherwise

Consequently, g = |Q1|xq, is also measurable and integrable with

[, stwis = @il

Since we have

| xele.dedy = B = |Qi]1Qu1.

we deduce that y g is integrable over RY. Now suppose E is a subset of the boundary of some closed
cube. Then since the boundary has measure zero in R%, we have

/ XE(z,y)drdy = 0.
]Rd
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Next we note that for a.e. y, the slice EY has measure zero and therefore if g(y) = fRdl xe(z,y)dz
we have g(y) =0 a.e. y and thus
/ 9(y)dy =0
R2

thus xg € F.

Next suppose that E is a finite union of closed cubes with disjoint interiors. Say E = Ui:vzl Q.
If @ denotes the interior of the @y, then we can write xyg as a linear combination of the Q) and
XA, wWhere A, C 0Qy. By our analysis we know xq, and ya, are integrable over R? and since the
space of integrable functions is closed under linear combinations, we have thaty g is also integrable

over R<,

Next we prove if F is open and of finite measure that xg € F. By an earlier theorem, we
can write E as a countable union of almost disjoint closed cubes

E=] @
k=1
Consequently, if we let

2
fe=) xa,
=

then note fx 7 f = xg which is integrable since m(F) is finite. Therefore by an earlier argument
in this proof, f € F.

Finally, if £ is a Gs set of finite measure, then xp is integrable. By definition, there exists
open sets {Ox}72, such that
(o]
E = ﬂ Og.
k=1

Since E has finite measure, there exists some open set Op of finite measure with E C Q. If we let
k
Or=00N () 0;,
j=1
then we have a decreasing sequence of finite measure sets 01 O O D ... with

- Ao,
k=1

and thus the sequence of functions e, decreases to f = xg and since Yo, is integrable over R¢
for every k, we conclude that xg € F as well.

Next If E has measure 0, then we show yg € F. Since E is measurable, we may choose a
set G of type Gs with £ C G and m(G) = 0. Since Y is integrable over R, we find that

/nw </Rd XG(m’y)>dy = /Rd xc = 0.
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Therefore
/ xc(z,y)de =0 for a.e. y.
Rd1

Consequently, the slice GY¥ has measure 0 for a.e. y. Noting that EY C GY yields m(EY) =0 a.e. y
and thus [pa, xe(z,y)dz = 0 for a.e. y. Therefore,

/W2 (/Rd1 XE(x,y)dm)dy:():/]Rd .

Thus xp is integrable over R<.

The next stage is if E is any subset of R¢ with finite measure. To prove this, recall first
that there exists a set of finite measure G of type G5 with E C G and m(G \ E) = 0. Since

XE = XG — XG\E>»

and integrable functions are closed under linear combinations, we find that yg € F.

Lastly, we prove if f is integrable, then f € F. Note first that we can write
f=fr—f
Thus by the first step, we may assume f is non-negative. By theorem 12, there exists a sequence of
simple functions {y, } that increase to f. Since each ¢y, is a finite linear combination of characteristic

functions of sets with finite measure, we have that ¢ € F by steps 1 and 5, and hence by the second
step f € F. O

§ 14.2 Applications of Fubini

We begin this section with a theorem.

Theorem 32 Suppose f(x,y) is a non-negative measurable functions on R4 x Rz,
Then for almost every y € R%:

1. The slice fY is measurable on R% .
2. The function defined by [na, fY(x)dx is measurable on R,

3. Jaas (f]Rdl f(a:,y)dx) dy = [pa f(x,y)dxdy in the extended sense.

Proof. Consider the truncations

_ fla,y) sif [(z,y)| <k and f(z,y) <k
Frl@,y) = { 0 ; otherwise

So each f; is measurable and by part (i) of Fubini’s Theorem, there exists a set Ej, C R% of
measure zero such that the slice f/(x) is measurable for all y € Ef. Then if we set E = J, Ej, we
find that f¥(z) is measurable for all y € E° and all k. Moveover, m(E) = 0 and since f; 7 f¥, by
the monotone convergence theorem we have that if y ¢ F, then

fe(z,y)de & /]Rd f(z,y)dz, ask — oco.

R%
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Again, by Fubini’s Theorem, [p4, fi(,y)dx is measurable for all y € E°, hence so is [pa, fez,y)dz.
Another application of the MCT gives us

/ ( fk<x,y>dx)dw / ( f(x,wdx)dy.
Rd2 Ré1 Rd2 R4

However, by part (iii) of Fubini’s theorem we have that

/ ( fk@c,y)d:c)dy— fo.
R42 Rd1 Rd

A final application of the MCT gives that

/Rdfkﬁ/Rdf

combining the last three lines gives the desired result. O

The following is an immediate result of Theorem 32 applied to the function x g

Corollary 33 If E is a measurable set in RY x R% | then for almost every y € R% the

slice
EY={ce R : (x,y) € E}

is a measurable subset of R4 . Moreover M(EY) is a measurable function of y and
m(E) = M(EY)dy.
R2

Definition: In relating a set E to its slices F, and EY, matters are straightforward for the basic sets
which arise when we consider R¢ as the product R% x R%, these are the product set E = E1 x Es
with F; C R% . This leads us to our next Proposition:

Proposition 34 If E = E; x E, is a measurable subset of R? and m.(F) > 0, then
FEy is measurable.

Proof. By Corollary 33, we know for a.e y € R%, the slice function

(XEI XEz)y(x) = XE, (x)XEz (y)

is measurable as a function of z. In fact, we claim that there exists some y € F, such that the
above slice function is measurable in x. For such a y one would have

XE; xE, (a:,y) = XE, (x)

which would imply E} is measurable. To prove existence of such a y, we use the fact that m.(Ez2) >
0. Let F' denote the set of y such that EY is measurable. Then by the previous corollary, m(F¢) = 0.
However Es N F # () because m,(F2 N F) > 0. To see this note that

By = (B, N F)| J(E2 N F©),

hence

as Fy N F° is a subset of a set of measure zero. O
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To deal with the converse of this Proposition, we need the following lemma:

Lemma 35 If £, C R% and E; C R?%, then
My (B x Ea) < my(E1)m.(E2),

with the understanding that if one of the sets Ej has exterior measure zero, then m., (Eq x
E;) =0.

Proof. Let € > 0 be given. We know we are guaranteed the existence of two collections of cubes
{Qr}r and {Q;} in RY and R% respectively such that

Eic|JQr and By c|]JQ
k J

and

S IQkl <mu(BEr) +e  and Y Q| < mu(By) +e
k 5

Since F1 x By C U;okzl Qr % Qj, then by sub-additivity, we have

me(Br x By) < Qi x Q

(_; @) (Zia)

< (ma(En) + €)(ma(E) +e).

Let us suppose neither F; nor Fy has exterior measure zero, then we obtain
my(E1 X Ea) < my(E1)m.(E2) + O(e)
and since € was arbitrary, we conclude that
my(Eq1 X E2) < my(E1)my(Es).

If for instance one has that, without any loss of generality, m(E;) = 0, consider for each positive
integer j the set A
ey =Eyn{y e R® : |y| < j}.

Then by the above argument, we find that m.(F; x EJ) = 0. And since (E; x E3) 2 (B x E») as
Jj — 00, we conclude that m.(E; x E2) = 0 as well. O

The next proposition relates slices to the Lebesgue measure.

Proposition 36 Suppose E, and Eo are measurable subsets of R and RY respectively.
Then E = E1 X Ey is a measruable subset of R<. Moreover,

m(E) = m(Ey)m(Ey),

with the understanding that if one of the sets has measure zero, then m(E) = 0.

59



Proof. It suffices to prove E is measurable, because then the assertion about m(E) follows from
Corollary 33. Since each E; is measurable, there exists a set G; C R% of type G5 with E; C Gy
such that

m.(G; \ Ej) =0

Clearly G = G1 x G5 is measurable in R% x R% and we can write

G\E = (G1XG2)\(E1XE2)
C ((Gl \El) X GQ)U(Gl X (GQ\E2))
=0
We conclude that m.(G \ E) = 0 thus F is measurable. O

As a consequence of this Proposition, we have the following Corollary:
Corollary 37 Suppose f is a measurable function on R4 . Then the function f defined

Via

is measurable on R4 x Rd.

Proof. To see this, we may assume f is real valued. Recall that if a € R, and E; := {z € R% :
f(z) < a}, then E; is measurable by definition. Since

{(x,y) e R x R% : f(x,y) < a} = B} x R%,

the previous proposition shows that {f(x,y) < a} is measurable for each a € R forcing f(x, y) to
be measurable on all of R4 x R%. O

Finally, we return to an interpretation of the integral that first arose in calculus. We have in mind
the notion that [ f describes the area under the graph of f. Here we relate this to the Lebesgue
integral and show how it extends to a more general context.

Corollary 38 Suppose f(z) is a non-negative function on R? and let
A= {(z,y) eR" xR : 0 <y < f(2)},
then

1. f is measurable on R? if and only if A is measurable in RIHL,
2. If the conditions in (1) hold, then

/Rd F@)de = m(A).

Proof. If f is measurable on R?, then the previous proposition guarantees the existence of a function

F(z,y) =y — f(2)
and is measurable in R4t!. Thus we see that

A={y = 0}n{F <0}
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is measurable.
Conversely, suppose A is measurable. Note that for each € R%, the slice

A ={y eR: (z,y) € A}

is a closed segment, namely A, = [0, f(z)]. Consequently, by theorem 33 gives us the measurability
of m(A,) = f(x). Moreover,

m(A)

/ xA(z,y)dzdy

[, ma)
/Rd1 f(x)dx.

as desired. O

We conclude this section with a useful proposition.

Proposition 39 If f is a measurable function on RY, then the function f(xz,y) = f(z—y)
is measurable on R% x RY.

Proof. By picking E = {z € R? : f(z) < a}, we see it suffices to prove that whenever F is a
measurable subset of R%, then E = {(z,y) : * —y € E} is a measurable subset of R? x R%. Note
that if O is open, then O is open as well. Taking countable intersections shows that if E is a Gs
set, then so is E. Letting By = {|y| < k} then define

Ek:EQBk

then notice that for each k, we have m(Ek) = 0. Take O to be open in R? and compute out
m(O N By), where we have x5, = Xo(z — ¥)XB, (Y):

mOnB) = [ xole - w)xu.()dyds
= /(/XO(w—y)dx>XBk(y)dy
= m(O)m(By)

by translation invariance of Lebesgue measure. Now if m(E) = 0 then there exists a sequence of
open sets O, such that E C O, and m(0,,) — 0 as n — oo. It follows from above that

EkC@nﬂBk

and
m(O, N B) — 0

in n for each fixed k. This shows m(E;) = 0 and hence m(E) = 0. The proof is concluded by
recalling any measurable set E can be written as the difference of a Gs set and a set of measure
Zero. 0
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§ 15 A Fourier inversion formula

The question of the inversion of the Fourier transform encompasses in effect the problem at
the origin of Fourier analysis. This involves establishing the validity of the inversion formula for a
function f in terms of its Fourier transform f. That is,

fO) = [ f@etda, (ens)

and

)= | JOSTede.  (xxxx)

The most elegant and useful formulations of Fourier inversions are in terms of the L? theory. This
leads us to our first theorem, or result, of this section.

Proposition 40 Suppose f € L'(R?). Then f defined in (* * *) is continuous and
bounded on RY.

Proof. Note since ‘
|f(x)e ™8| = | ()],

the integral representing f converges for every ¢ and

sup 7€)1 < [ 17@)] =I5

£ERY
to verify f is continuous, note for every z,
Fla)e 276 5 f(x)e2minko
as & — &. Hence f(€) — f(&) by the dominated convergence theorem. O

One has a bit more, in fact, one has f(£) — 0 as |¢| — 0 but not much can be said about the
decrease at infinity. As a consequence, for a general f € L'(R%), it is not generally true that
f € L{R?). Then the inversion formula (* * %) becomes problematic.

Theorem 41 Suppose f € L{R?) and assume also that fe L(RY). Then the formula
(s * xx) holds for almost every x.

An immediate consequence follows:
Corollary 42 Suppose f(f) =0 for all&. Then f =0 a.e. x.
Now for the "multiplication” formula.

Lemma 43 Suppose f,g € L*(RY). Then

F(€)g(€)de = / F)y)dy.
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§ Exercises (with solutions)

Ezercise 1 Suppose f is integrable on (—m, 7] and extended to R by making int periodic on 2.
Show that

Sz = [ o
-7 I
where [ is is any interval in R of length 2.

Proof. Given that f is 27 periodic, we have that f(z) = f(z + 27n) for any n € N. As the hint
tells us, observe that for some k € N, one has

I =(a,b] C (km, (k+4)7],

and define ¢ = (k 4 2)w. Clearly if ¢ # a, then ¢ € (a,b]. Thus
(z)dz = (x)dz + f(z)dx.

(a,b] (a,c] (c,b]

And since f()|cp) = f(2 — 27)|(kr,q) We have

(z)dz = f(z)d
(e,b] I /(k?r,a] .

Thus we can rewrite

(x)dx = / f(z)dx + / f(z)dz
(a,b] (km,c] (km,(k+2)7]

Finally, we can break up the integral into

/ f(x)dx :/ f(:U)d:rJr/ f(x)dx.
(km,(k+2)~] (km,(k+1)~] ((k+1)m,(k+2)7]

However by its 27 periodicity, we have that

flayde = [ foyiz = [
(a,b] (km,(k+2)~] ((k+1)m,(k+3)7]

And thus this inequality holds for every integer, specially & = —1. And therefore

dx = dzx.
me [ﬂﬂﬂ@x

as desired. O

Ezercise 2 Suppose f is integrable on [0, b] and
b
t
guy:/:%lﬁ, for z € (0,1]

Prove that g is integrable on [0, ] and that

AZ@@A%@@
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Proof. Tt suffices to assume f to be a non-negative L' function. Define the set
T®) = {(z,t) e RxR:xz € (0,t],t € [z,b]}.
Next, define the function

F(z,t) = @XT(!;)-

Certainly, I is measurable since x7(), f(t), and % are all measurable functions. Next, note that

/ g(x)dx = / Mdtdx
[0,] 0.6 Jzp] ¢

t
R JR
By Tonelli’s Theorem then we have

/ IO i = / IO gt
0 Jizp t 0.5 Jo,g t

- F(t)dt

[0,0]

Thus since f € L' we have

implying g € L' as desired. O

Erercise 3 Let T C RY xR, and I := {(z,y) € R x R: y = f(x)} and assume f is measurable on
R?. Show then that I' C R%*! is measurable and m(T") = 0.

Proof. First, assume f is almost everywhere finite. Next, partition R? into an almost disjoint union
of closed unit cubes {Qx 1}, and define

Ty = {(z,y) € Qr xR:y = f(2)}.

Next, define the sets

) 7 1+1
Fy = {xEkaz—ngf(x)< o }.
Now define it
; » i1
E;, =F} — .
k,n k,n X [271’ on )

Finally, set
Ewn= |J Ei.

1=—00

where all these sets are measurable since f is measurable. Notice that

I'y C By, foralln € N
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and that
Ein+1 C B, forallneN  (x)

Next, note that

ma+l (Ern) Z md+1 Ekn <.

1, 1+1
..<;®o (Ff ) mll], ot =
1 1 1
S on—1 Z (Fk ”) - 9n— on—1 d(Qk) = on—1
i=—00

By (%), the Ej , are collapsing with finite measure thus I'y need be measurable as well since

m«(T) < lim m(Ey,) = lim

n—00 n—soo 2n—1

=0.

Thus for each k, I'y is measurable forcing I' to be measurable since it is a countable union of
measurable sets. Lastly, observe that

oo
md+1 S E d+1
k=1

as we needed to show. O

Exercise 4 If f is integrable on R, show that F'(x f f(t)dt is uniformly continuous.

Proof. By |Proposition 24 (2) for any e > 0, there exists a § > 0 such that

/ |f] <€,  whenever m(F) < ¢
E

Next, note that

|F(z) = F(y)]

’/_OO F)dt — /_: f(t)dt’
[

< [ -ansa

IN

Since we have that f is integrable, then for any € > 0, there exists a 6 > 0 such that
y
/ |f(t)|dt <€,  whenever |[x —y| <4,
xr

thus F(x) is uniformly continuous. O
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Ezercise 5. Tchebychev Inequality Suppose f > 0 and f is integrable. If « > 0 and E, = {f :
f(z) > a}, prove that
1
<= / I
!

Ea::{x:%>l}.

Proof. We rewrite our set E, as

Then we can compute

m(Ey) = /Edz

o / f(z)dx

Exercise 6 Prove if f is integrable on RY, real valued, and [, f p f(x)dx > 0 for every measurable set
E, then f(z) > 0 a.e. z. As a result, if fE x)dx = 0 for every measurable E, then f(z) =0 a.e.
x.

IN

IN

O

Proof. Consider first the set
A={z: f(z) <0}.

Clearly we have that
- Qtes s <=1
)

Assume towards a contradiction that m(A) > 0. We have that

Z ) < W})

Since m(A) > 0 for at least one n € N, call this set E. Then

/Efg/E—%

= —%m(E)

< 0.

a contradiction. Thus the same reasoning will result if f < 0 so combining these two facts results
in given any measurable subset S C R? such that

-

will result in 0 < f <0 a.e. zie., f=0a.e. x. 0
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Erercise 7 Prove that if f is integrable on R? and § > 0, then f(6x) — f in the L' norm as § — 1.
Proof. Since continuous functions of compact support are dense in L!(R?), for any e > 0, there
exists a continuous function with compact support g such that
€
I1f = allLrmey < 3
It follows that since

f(6x) = f(x) = f(0x) — g(bx) + g(0x) — g(x) + g(x) — f(2),

by the triangle inqeuality we have

£ () = f(@)llLr < |lg(dx) — g(@)[[r + [[f(6x) — g(6x)[|Lr + [[f(x) — g(@)||Lx
or just
1f(0x) = (@)l < [lg(0x) — g(@)[|r + [|f(0x) — g(6z)[| 12 + é

By the dilation properties, we see that
1£(62) — g(02) 1 = T3llf —gllus < 55 < &
) — g(ox = —||f - — < -,

Note since g is continuous with compact support, then g(z) and g(dx) are uniformly continuous
and thus ¢ attains its max value, thus there exists a bound for g, call it M. Next, note that the
sets F and 0 F are both compact. Then FAJdF and ENJFE are compact as well. It will then follow
that

/E o) = g(olde = /E o) = g(0)lde + / l9(2) — 9(3) |z

ENSE

< / lg(x) — g(6z)|dx + 2Mm(E A 6F)
ENSE

Next, observe that for every a # 1, there exists some « such that 0z = x + Z. Since ENJFE is
compact, we can select the diameter

p— d .
r wrggggwl (z,y)]

(). Thus, for any £ > 0, we can have for a ¢ sufficiently close to 1,

r
le]

Certainly now z,x + £ € B

we have
|z — dx < |T—| <&

|

Thus for any € > 0, there exists a § sufficiently close to 1 such that

€
[ lota) - gonlas < ¢.
ENéE
Since m(E A §FE) < oo, we have for some ¢ sufficiently close to 1 that

m(E ASE) < %
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Thus choose d close enough to 1 such that

€ €
lo@) = a6o)lls = [ lota) — glda)ldo < &+ 201 75

Finally, for ¢ sufficiently close to 1, we have

1f(6z) = f(2)l|rr < [lg(d2) — g()[|rr + |[f(02) — g(02)|[r + || f(z) — g(2)||rr = g +
as desired. O

§ 17 Differentiation

The differentiation and integration are inverse operations. This fact was understood early on in
calculus. Our objective is the formulation and proof of the fundemental theorem of calculus. We
shall try to achieve this by answering two questions. The first questions will be stated as follows.

e Suppose f is integrable on [a,b], and F is its indefinite integral F(z) = f; f(y)dy. Does this
imply that F is differentiable (at least for almost every z) and that F' = f?

For the second question, we reverse the order of differentiation and integration.

e What conditions on a function F on [a,b] guarantee that F’ exists, that this function is
integrable, and that moreover

b
F(b) — F(a) = / F'(x)dz?
In particular, we shall find that this question is connected to the problem of rectifiability of curves.

§ 17.1 Differentiation of the integral

We begin with the first problem, differentiation of the integral. If f is given on [a,b] and
integrable on that interval, we let

f(x) = /If(y)dy, a<z<b.

To deal with F”, recall the definition of a derivative as the limit of the quotient

F(zx+h)— F(x)

0 , when h tends to oo

We note that this quotient takes on the form

1 z+h 1
[ = [

68



where we use the notation I = (x,2 + h) and |I| for length of this interval. We pause to note the
above expression is the ”average” value of f over I, and that in the limit |I| — 0, we may expect
these averages to tend to f(z). Reformulating the question slightly, we may ask whether

. 1
tim cer [ 1wy = @

holds for suitable points x. In higher dimensions we can pose a similar question. With this in mind,
we restate our first problem in the context of R¢ for all d > 1. So, suppose f is integrable on R?.

Is it true, then that
1
li reB—— dy = , for a.e.
il eBm(B)/Bf(y) y=f(z), forae x

The limit is taken as the volume of open balls B containing x goes to zero.

Definition: We shall refer to this problem as the averaging problem. We remark that if B is
any ball of radius » in R%, then m(B) = vqr? where vy is the measure of the unit ball.

Note of course that in the special case when f is continuous at x, the limit does converge to
f(z). Indeed, given € > 0, there exists a ¢ > 0 such that |f(z) — f(y)| < eps whenever |z — y| < J.

Since
1

1
@) - o /B Flo)y = s /B (F(x) — F())dy,

we find that whenever B is a ball of radius < g containing x, then

1 1
f(x —/fydylé/ f@) = f(y)ldy <e
10~ 5 [ < s [ 15 - 1)
The averaging problem has an affirmative answer which we will now turn to.

<back2top>

§ 17.2 The Hardy-Littlewood maximal function

The maximal function that we consider below arose first in the one-dimensional situation treated
by Hardy and Littlewood. The relevant definition is as follows.

Definition: If f is integrable on R?, we define its mazimal function f* by

o 1
F(@) = sup s /B F)ldy, xR

Here the supremum is taken over all balls containing the point x. In other words, we replace the
limit in the averaging problem with a supremum, and f by its absolute value. This leads us the
key properties of f*.

Theorem 44 Suppose f is integrable on R?. Then:

1. f* is measurable.
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2. f*(x) < oo for almost every x.
3. f* satisfies

(m({z € RT: f*(x) > a}) < = fllp1(ra)

SRS

for all o > 0 where A = 3% and || f||1(ra)y = [ga |f(x)|dx.

Proof. The only simple assertion in the theorem is (1). Indeed, the set E, = {z € R?: f*(x) > a}
is open because if 2’ € E,, there exists a ball such that 2’ € B and

1
E@y@uwwm>w

Now any point = close enough to 2’ will also belong to B hence = € E, as well. Properties (2)
and (3) require a bit more work to prove with (2) being a consequence of (3). This follows once we
observe that

{z: ff(x)=00}C{x: f"(z) >a}, foralla

Taking the limit as a — oo, the third property yields
m({z: f*(x) = o0}) =0
as desired. For the proof of (3), let
E,={z: f*(z) > a},
then for each x € E,, there exists a ball B, containing x such that

1
mu%yéjﬂwdy>w

Therefore, for each ball B, we have

Fix a compact set K C E,. Note

Kc |J B.
x€FE,

and K is compact, there exists a finite subset A C F, such that

K c | B..
€A

By the covering lemma, there exists a sub-collection of disjoint balls B, , ..., B;, with

k
m(|J By) <34> m(By).
j=1
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Since the balls are disjoint and satisfy (2) and (3), we find that

m(K) < m(|J B.)

z€A

k
31 m(B,)

<
Jj=1
3d
< .
< X vway
j=1 *j
3(1
= — | f(y)|dy
a U§:1Bij
3d
< — [ |f(y)ldy
(6% R4

This leads us to our next big Lemma:

Lemma 45 Suppose B = {By, Bs, ..., By} is a finite collection of balls in R%. Then
there exists a disjoint sub-collection B, , Bi,, ..., B;, of B that satisfies

N k
m(|J B) <3 m(B;))
=1 j=1

Proof. The argument we give relies on the following observation: Suppose B, B’ are a pair of
intersecting balls with radius of B’ being not greater than that of B. Then the ball B’ is contained
in the ball B that is concentric with B but with 3 times its radius.

We first pick a ball B;, in B with maximal radius then delete from B the ball B;, and any ball
intersecting it. Thus all deleted balls are contained in the ball B;, concentric with Bj,, but with 3
times its radius.

The remaining balls yield a new collection 5’, for which we repeat the procedure. We pick B,
with maximal radius in B’ then delete from B’ any ball intersecting B;,. Continuing this way, we
find, after at most IV steps, a collection of disjoint balls B;,, B;,, ..., B, -

Finally, to show these disjoint balls satisfy the above inequality, we use the same argument as
in the beginning. That is, let Bij denote the ball concentric with B;;, but with 3 times its radius.
Since any ball B € B must intersect some ball B;; for some j, and have less than or equal radius

than B;,, thus we must have B C Bij7 thus by monotonicity we have

m(JB) < m(|B)
=1 j=1

IA
14

4

®
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where in the last step we used the dilation fact about Lebesgue measure. O

§ 17.3 Lebesgue differentiation

The estimate obtained for the maximal function now leads to a solution for the averaging
problem.

Theorem 46 If f is integrable on R?, then

1
i e /B F()dy = f(x), for ace. z, (%)

Proof. 1t suffices to show for each o > 0 that the set
> 2a}

has measure zero. Because this then guarantees that the set £ = (J,~; F1 has measure zero and
the limit in (%) holds for all points of E°. By theorem 29, for any e > 0, there exists a continuous
function g of compact support such that

E, = {x : lim  sup
m(B)—=0zeB

/f )dy — f(z)

I1f = gl @ey <e.

The continuity of g implies that

1
lim

m(B)—0 GBm(B)/Bg(y)dy =g(z), forallz.

Since we may rewrite —s fB y)dy — f(z) as

ﬁ /B(f(y) —9(y))dy + ﬁ /Bg(y)dy —9(x) +g(x) - f(x)

/f )y — £(z)

Here, f* denotes the maximal function. Consequently, if

Fo=A{z:(f-9)"(x) >a} and  Go={z:|f(z)-g(z)]>a},

We find that

lim sup
m(B)—0 xEB

< (f =97 (@) + lg(z) — f(=)]

then
E C (FoUGL)

because if uy,us > 0, then uy; + us > 2« only if u; > « for at least one of the u;. On the other
hand, Tchebychev’s inequality yields

1
m(Ga) < EHf = 9llzr rey,
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and on the other hand the weak type estimate for the maximal function gives

A
m(Fa) < EHf = gllz1 (may-

The function g was selected so that || f — g[|;1(rey < € hence we get

A 1
m(Ey) < —+ —¢

a o«
and as € was arbitrarily chosen, we are done. O
Note that an immediate consequence of the theorem yields the fact that f*(z) > |f(z)| for a.e. x.
Definition: We say a measurable function f is locally integrable if for every ball B, the function
f(x)xp(x) is integrable. We shall denote by L .(R%) the space of locally integrable functions. For
example, the functions el*l and lz|~ z are both locally integrable but not integrable on all of R%.

Theorem 47 If f € Li,c1(gay, then

1
li r€EB— 5+
m(1131}1—>0 €8 m(B)

/ fy)dy = f(z),for a.e. x
B

Our first application of this theorem yields an interesting insight into the nature of measurable sets.
Definition: If E is a measurable set and x € R?, we say x is a point of Lebesque density of E if

BNE
lim m(BNE)

=1.
m(3)-0"" " m(B)

This says that the small balls around = are almost entirely covered by E. More precisely, for a < 1
close to 1, and every ball of sufficiently small radius containing x, we have
m(BNE) > am(B).

Thus F covers at at least a proportion « of B. An application of the bounded convergence theorem
to the characteristic function y of some measurable set E is the following corollary:

Corollary 48 Suppose E is a measurable subset of RY. Then

1. Almost every x € FE is a point of density of E
2. Almost every x & E is not a point of density of E.

We next consider a notion that for integrable functions serves as a useful substitute for point-wise
continuity.
Definition: If f € Ljyc1(gay, the Lebesgue set of f consists of all points T € R? for which f(7) is

finite and
’rfL(B)_>0 / ‘f ‘ v=

At this stage, two simple observations are to be made: First, T belongs to the Lebesgue set of f
whenever f is continuous at Z. Secondly, if T is in the Lebesgue set of f, then

. 1 _
m(lg)n—m zGBWB) /B fy)dy = f(Z).

This leads us to our next corollary:
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Corollary 49 If f is locally integrable on R?, then almost every point belongs to the
Lebesgue set of f.

Proof. An application of the bounded convergence theorem to the function |f(y) — r| shows that
for each rational number r, there exists a set F, of measure zero such that

i vep iz [ 1) =ridy = 11(@) =1l whenever o ¢ E,

So then if £ = UTEQ E,, then m(E) = 0. Now suppose that T ¢ E and f(Z) is finite. Given € > 0,
there exists a rational number 7 such that

lf(@)—r| <e.
Since

1 —
i L) = F@dy < s /B 50) —rldy +1£@) —

we must have

lim / |f(y T)|dy < 2

(B)—>O

thus 7 is in the Lebesgue set of f as desired. O

Definition: A collection of set {U,} is said to shrink regularly to T (or has bounded eccentricity at
T) if there exists a constant ¢ > Osuch that for each U,, there exists a ball B with

TeB,U,CB, and m(Uy) > cm(B).

Thus U, is contained in B but its measure is comparable to that of B. For example, the set of all
open cubes containing 7 shrink regularly to Z. However, in R?, with d > 2, the collection of open
rectangles does not shrink regularly to .

Corollary 50 Suppose f is locally integrable on R®. If {U,} shrinks reqularly to @, then

li T dy = f(z),
i weU. /Ua fy)dy = f(Z)

for every point T in the LEbesgue set of f.

Proof. The corollary is proven once we observe that if 7 € B with U, C B, and m(U,) > em(B),

then
1

5 o =gy < s [ 15w - s@y

<back2top>

§ 18 Good kernels and approximations
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We shall now turn to averages of functions given in terms of convolutions, which can be written
as

(FeEs)@) = [ Flo =) Ks(wd.

Here f is a general integrable function which we keep fixed, while the K vary over a specific family
of functions, referred to as kernels. We call the K "good kernels” if

1. f]Rd K(;(l‘) =1.
2. [pa | Ks(x)|de < A.

3. For every n > 0,
/ |Ks5(z)|de — 0,as 6 — 0
lz|=n

Here A is a constant independent of §. The main use of these kernels is that whenever f is bounded,
then (f*Ks)(x) — f(x) as § — 0. To obtain a similar conclusion, one also valid at all points of the
Lebesgue set of f, we need to strengthen somewhat our assumptions on the kernels Ks. To reflect
this sitaution we adopt a different terminology.

Definition: We refer to the resulting narrower class of kernels as approzimations to the identity.
The assumptions are again, that the Ky are integrable and satisfy condition (1). But instead of (2)
and (3), we assume

1. |Ks(z)] < A6~ for all § >0
2. |Ks(x)| < wﬁ%,for all 6 >0 and x € R?

The term ”approximation to the identity” originates in the fact that the mapping f — f*xK;s
converges to the identity mapping f — f as d — 0. As § — 0, the family of kernels converges to
the so-called unit mass at the origin.

Definition: The family of kernels converge to the Dirac delta function defined via

oo ;ifx=0
D(x) = { 0 ifz#0 and/D(z)daszl.

Since each K integrates to 1, we may say loosely that
Ks—>D, asd—0.

If we think of the convolution f*D as [ f(x —y)D(y)dy, the product f(z—y)D(y) = 0 execpt when
y = 0 and the mass of D is concentrated at y = 0, so we may expect that

(f¥D)(z) = f(z).

Thus f+«D = f and D plays the role of the identity for convolutions. We now turn to a series of
examples of approximations to the identity.

Example 1 Suppose ¢ is a non-negative bounded function in R? that is supported on the unit
ball |z| < 1 and such that
/ p=1.
Rd
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Then, if we set Ks(x) = § 1¢(6~'x), then the family {Ks}s~o is an approximation to the identity.

Ezample 2 The Poisson kernel for the upper half plane is given via

1y
7T$2+y2)

Py(x) = z € R,

where the parameter is now § =y > 0.

We now turn to a general result about approximations to the identity that highlights the role
of the Lebesgue set.

Theorem 51 If {Ks}s~o is an approximation to the identity and if f is integrable on
RY, then
(fs)(x) = f(x),a 6 = 0

for every x in the Lebesque set of f. In particular, the limit holds for a.e. x.
Before proving the Theorem, we state a useful lemma:

Lemma 52 Suppose that f is integrable over R, and that x is a point of the Lebesgue
set of f. Let

A(r) = L / - |f(x —y) — f(x)|dy, whenever r > 0.

rd
Then A(r) is a continuous function of r > 0 and
A(r) — 0,as r — 0.
Moreover, A(r) is bounded, that is, A(r) < M for some M > 0 and all v > 0.

Proof. The continuity of A(r) follows by invoking the absolute continuity of an earlier theorem.

The fact that A(r) — 0 as » — 0 follows since x is in the Lebesgue set of f and the measure
of a ball of radius r is vgr?. This together with the continuity of A(r) for 0 < r < 1 show A(r) is
bounded when r € (0,1]. To prove A(r) is bounded for r > 1, note that

1 1
An < e [ el

= fll L1 ey + val £ ().

IN

and the Lemma is proven. We can begin the proof of Theorem 51 now. O

Proof. Since the integral of each kernel K is equal to 1, we may write

(fKs)(x) — f(x) = / @ —y) — F(@)Ks(y)dy.

Consequently,
(f*Ks)(@) — f(@)] < / @ — ) — F(@)|Ks(y)dy.
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Thus, it suffices to prove the right hand side goes to 0 as 6 — 0. The key is to write the intergal
over R% as a sum of integrals over annuli as follows:

J15@ = - s@lKswldy = [+ €xaapienmina

ly|<o k=0

By using the second property (2)

[ -y - r@lEswldy < 5 [ @y~ f@ldy
lyl<s lyl<é
< cA(9)
Next using the second property (3), we have
cd
)= flo)ldy < —2 —y) - f(2)|d
o cang M@0 =@l < i [ 5 sy
C/
< 2k(2k_~_15)d/y<2k+16|f($y)f(ﬂlc)|dy
< C/Q—kA(2k+15)

Putting these together we see that
|(fxEK5)(x) = f(2)] < cA@) +¢ Y 27F AR5,
k=0
Given € > 0, first we choose N so large that
Z 27k < e
k>N

Then, by making § sufficiently small, we have by our Lemma

A(2F8) < %, whenever k =0,1,2,..., N — 1.

Hence recalling A is bounded, we find that
|(f+Ks)(x) = f(z)] < Ce,
for all sufficiently small § and the theorem is proved. O

In addition to this point wise result, convolutions with approximations to the identity also provide
convergence in the L' norm.

Theorem 53 Suppose that f is integrable on R and that {Ks}so is an approzimation
to the identity. Then for each § > 0, the convolution

(F+Es)(@) = [ | e = n)Ks(u)y

1s integrable, and
[|(f+Ks) = fllzrray = 0,a8 0 = 0
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§ 19 Differentiability of functions

We now take up the second question raised at the beginning of this section, that of finding
a broad condition on functions F' that guarantees the identity

b
F(b) — F(a) z/ F'(z)da.

There are two problems that arise from this formulation. First, because of the existence of non-
differentiable functions the right hand side may not be meaningful. Second, even if the function F’
existed for every z, the function F’ would not necessarily be (Lebesgue) measurable. To fix this
problem, we study functions of bounded variation.

§ 19.2 Functions of bounded variation

Let v be a parameterized curve in the plane given by z(¢t) = (z(t),y(t)), where ¢t € [a,b].
Here z(t), y(t) are continuous real-valued functions on [a, b].
Definition: The curve v is rectifiable if there exists an M < oo such that for any partition
a=ty <ty <..<ty=borla,b],

N

32 (ty) - 2(tj-1) < M.

j=1

Definition: By definition, the length L(t) of the curve is the supremum over all partitions of the
sum on the left hand side, that is,

N

L(y) = sup D () = 2(t-1)]

a=to<t1<...<tny=b =1

If the derivatives of z(t), y(t) exists, then we ask if one has the desired formula

b
L) = [ Va0 + g0

Suppose F' is a complex-valued function defined on [a,b] and a = t) < t; < ... < txy = b is a
partition of the interval. The variation of this partition is defined by

SO IF ()~ F(ti)|

Definition: The function F is said to be of bounded variation if the variations of F' over all partitions
are bounded, that is, there exists an M < oo such that

N
Z|F(fj)*F(fj—1)| <M
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for all partitions of [a,b]. In this definition, we do not assume F to be continuous; however when
applying this to the case of curves, we will assume F(t) = z(t) = x(t) +4y(t) is continuous. Observe
that if P’ is a partition that is a refinment of a partition given by P, then the variation of F' on P’
is greater than or equal to the variation of F' on P.

Theorem 54 A curve parameterized by (x(t),y(t)), ¢t € [a,b], is rectifiable if and only
if both x(t) and y(t) are of bounded variation.

Proof. The proof is immediate once we realize that if F(t) = x(t) + iy(t), then

F(ty) = F(tj-1) = (x(t;) — 2(t;-1)) +i(y(t;) — y(tj-1))

and if a,b € R, then
la +bi| < |a| + [b] < 2|a + bi|.

O

Definition: A real-valued function F' defined on [a, b] is said to be increasing if F(t;) < F(t9) for
whenever a < t; <ty < b. If the inequalities are strict, F' is said to be strictly increasing.

Ezxample 1 If F is real-valued, monotonic, and bounded, then F is of bounded variation. Indeed, if
for example F' is increasing and bounded by M, we see that

N N
Z |[F'(t;) — F(tj-1)| = ZF(tj) — F(tj-1)

= F(b) - F(a)
< oM.

Exzample 2 If F is differentiable at every point, and F” is bounded, then F' is of bounded variation.
Indeed, |F’| < M, and the Mean value theorem implies

|F(b) — f(a)] < M|z —y|, forall z,y € [a,b]
hence YN | |F(t;) — F(tj—1)| < M(b—a).

Definition: The total variation of f on [a,z] is defined by
N
Tp(a,x) =sup Y |[F(t;) = F(t;-1)],
j=1

where the sup is taken over all partitions of [a, b].

<back2top>
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