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1 (Fall 18’ Problem 1)

(a)

State Fatou’s Lemma and the Dominated Convergence Theorem.

Proof. Fatou’s Lemma: Let {f,} be a sequence of nonnegative measurable functions. If
lim,, oo fr(z) = f(z) for a.e. x, then

f < lim inf/fn.
n—oo

Dominated Convergence Theorem:

Let {f.} be a sequence of measurable functions 3> f,(x) — f(x) a.e.  as n — oc.

If | fr(z)] < g(x), g integrable, then

/|fnff|%0;asn%oo

/fn—>/f;asn—>oo

as needed. O

and thus

<back2top>

Show that Fatou’s Lemma implies the DCT.

Proof. Let {f,} be a sequence of measurable functions with f,, — f a.e. Suppose there exists
and integrable function g such that | f,| < g, then we also get | f| < g. And thus by the reverse
triangle inequality we have that

|fn = fl [fnl = [f]

2g.

IAINA

We can now define a sequence of non-negative measurable functions {h,,}
hn () := 2g(x) — | fu(2) — ()]

where
hn, — 2g

as n — oco. Then applying Fatou’s lemma in this case gives us

[20 < tmit [2g- 15, -1
- /29—liminf/|fn—f|



Thus we get
0< 1iminf/|fn - fl
O

Proof. Let us suppose Fatou’s Lemma holds and let {f,} be a sequence of measurable
functions such that

fn—=f

a.e. as n — oo and suppose ¢ is integrable with

[fn(@)] < g()

This give us

|f(z)| < g(z)
Then

|fn(@) = f(@)] < | fu(@)] = | f(2)]
< 2g(x)

Thus we have a sequence of nonnegative measurable functions
() o= 29(2) — | fu(@) — F(2)] > 0
And since f, — f a.e., then |f(z) — f.(x)] — 0 and by Fatou’s lemma
/2g(x) —0<lim inf/ b ()
Thus
[ 29(@) <timint [ 29(a) - |$(@) - fula)
— [ 29@) -t it [ 17() = (o)

And by definition of lim inf and lim sup we have

[ 290 < [ 2900) < timswp [ 1£@) - £u()

Forcing

lim sup/|f(x) @) < 0(+)



and similarly by Fatou’s lemma we can obtain

lim mf/ |f(z x)| > 0(x)
Thus by (x) and (**) we have that
hmsup/|f — folz |<0<hm1nf/|f fn(x)]
and .".
tim e [ 1f(0) = fula)| =0
as needed.



2 (Fall 18’ Problem 2)

Show the sequence of simple functions f; : R — R

N -1 i<z<i+1
filz) = { 0 otherwise

satisfies
lim inf; / fid\ < / lim inf; o fidA
JR JR
and why it does not violate Fatou’s Lemma.

Proof. To show the inequality holds we can merely compute the RHS and LHS individually.
Note that Vo € R, the inequality

1<z <i+1
only holds for only finitely many 4, so for infinitely many ¢ we have f;(z) = 0 thus
lim; s o0 fi(z) =0

And so the RHS is 0, as for the LHS, note

/RfidA =1

R
<0

R

Forcing LHS = —1 thus

as needed. Since the f; are not nonnegative, this does not contradict Fatou. O

<back2top>



3 (Spring 17’ Problem 2)
(a) Suppose we can assume the following:

If each E,, is measurable and E,, C F,, 11 Vn, then
lim,, oom(E,) = m( U E,)
Then prove that if m(E;) < co and E,, D E,,+1 Vn then

lim,, oom(E,) = m( ﬂ E,)

n=1

Proof. Before I proof the problem I will prove what we are supposing, just for fun! So suppose
FE, C E; C ... is an increasing sequence of measurable sets. Then define G; = F; then for
every k > 2 define

Gk = Ek \Ekfl.

Note the G are measurable as measurability is preserved under compliments. Moreover the
Gy, are disjoint and we have UkeN E, = UkeN Gthus we can compute

m( U E,) = m( U Gg) by construction
keN keN
= Z m(Gy,) disjointness of the Gy,
keN
N
= lim m(Gy) sum of partial sums
N —o00 —
N
= A}gnoo m(kLJl Gr) disjointness of the Gy,
= lim m(Ep) by construction
N—o0

as needed. For the actual problem now, Suppose that m(E;) < oo, since E,, 2 E, ;1 then by
monotoniticty of the Lebesgue measure we have that

m(E,) < oo
for every n. Thus for every n we can define

Gn = El\En



Then the G,, are increasing. Note that

GEl\En = JEnEY)
n=1

Furthermore, as the G, are increasing, we can apply our lemma from above thus

m(E) —m(() En) = m(EN([) En)
n=1 n=1

= m(|J BE1\En)

- nlLH;:m(El\En)
= lim [m(Ey) - m(E,)]

= m(Ey) — lim m(E,)

n— oo

But m(FE) is finite thus we can subtract it from both sides leaving us with

m([) En) = lim m(E,)
n=1

as needed.
(b) Suppose K C R? is closed and bounded and define
1
E,={zcR?|3ye Kst]z—y| < B}

and prove that
lim m(E,) =m(K)

n—r00

Proof. First note that the F, are an increasing sequence of measurable sets, i.e.,
En 2 En+1

so by our result in (a) we can write the left hand side as

n—oo

lim m(E,) =m((") En)
n=1



and so it suffices to verify that
m(() Bn) = m(K)(x)
n=1

That is we must show -
(N En=K
n=1

via set containment. Clearly we have K C (., E,, as K C E,, for every n. Suppose towards
a contradiction that Ip € (" —_; E,,\K then there exists a sequence {y,} in K such that

1
|yn_p| <=
n

ie.,
Yn — P

makin g p a limit point of K which is a closed and bounded subset of the reals so it must
contain all of its limit points, that is p € K a contradiction forcing (%) to hold true as needed
thus

lim m(E,) =m(K)

n—oo

as desired. 0

10



4 (Spring 17’ Problem 8)
(a) State Fatou’s Lemma and the MCT and show Fatou’s Lemma implies the MCT.

Proof. Refer to Exercise 1 for Fatou’s Lemma. The Monotone Convergence Theorem states
that given a sequence of non-negative measurable functions {f,} such that they increase to

f, then
n—oo

(b) Show Fatou implies MCT

Proof. Let us suppose that Fatou’s Lemma holds. Let {f,} be a sequence of non-negative
measurable functions such that they monotonically increase to f, that is

fo(@) < fria(2)

and

lim f,(z) = f(x)

n—oo

/f < nli_)n;oinf/fn.(*)

However as the f, increase to f we have that

JEEYR

by Fatou’s Lemma we have that

which gives

and together with (%) we have that

lim sup/fn = lim inf/fn
n—oo n—oo
thus
i [ £~ [ 1
n—oo

as needed. O

<back2top>
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5 (Sprint 17’ Problem 5)

Let f be a real valued integrable function on R?. Prove that for § > 0 we have
[ 60 =57 [ o).

Proof. Let f be integrable over R?. By dilation invariance, for any § > 0 we have that
84m(E) = m(0E)
thus taking §E to be dR? we can write
» flz) = » f(oz)
substituting this in for [ f(z) gives the desired result.

12



6 (Fall 17’ Problem 2)

(a) Show that the graph I'(f) = {(x, f(x)) | = € [a,b]} of a continuous function f on [a,b] has
measure zero without the use of Fubini.

Proof. Let fla,b] — R be continuous. We wish to show that m({(z, f(z) | € [a,b]}) = 0.
Let € > 0 be given and let P = {xg, z1, ..., 2, } be a partition of our interval such that

|2 —xi-1] <6
for each i € {0,1,...,n}, then by continuity of f we have that
[f(zi) = flzioa)] <e
Since [a, b] is compact and f is continuous we can define
m; = Mige(s, 0. f(2), M == maxeepe, , a,f(2)

and note that

i=1
then we have
m(T(f)) < m(U[%‘—l@i] X [mg, M])
= > (=i — zia D(IM; — ma))
< (;— a)e

where the first inequality holds by monotonicity. And since each [z;_1, ;] has measure less
than b*T“ = J we are done. O

(b) Prove that the graph of a continuous function on R has measure zero.

Proof. Let f : R — R be continuous. We wish to show m({(z, f(z) | + € R}) = 0. Let I’
denote the graph. As the map x — —x preserves the area of rectangles, the measure of T" is
the same as that of |f(x)| thus we may suppose f is nonnegative. Note we can write I as

I = J{ f@) |2 € [n,n+1]}

neN

Then by part (a) taking a = n,b = n + 1 together with coutmable subadditivity it follows
that m(T") = 0. O

13



7 (Spring 17’ Problem 9)

(a) Proof.

14



8

Prove the continuous function g : R™ — R is Borel measurable by showing the following. If
G = {U C R|g~!(U)is Borel} (a) open sets are in G. (b) G forms a o-algebra.

Proof. First we must show open sets are in G. Let V' C R be an open subset. Since g is continuous,
we have that g~ (V) is open in R™ and in partiulcar, a Borel set in R” thus V € G as needed.
For the latter, we must verify G satisfies the axioms of a o-algebra. First, note that R € G since
g~ (R) = R™ is Borel. Suppose that Uy, Us, ... € G, then for each j, we have that g~1(U;) is Borel.
Thus

g (U = U 971 (U;)

L8

J

is Borel as well. Similarly for intersection. Lastly, let us suppose U € G. Then U C R and g~ !(U)
is Borel. Then clearly we have that

g'(U°) = g ' (R\U)
= g '(R)\g'(U)
= R"\g~'(U)
= ¢ (V)
is Borel as well making G a o-algebra. O

15



9 (Fall 18’ Problem 5)

Let f, fi for kK € N be measurable and finite valued on a measurable set E. Show if f; — f almost
. . m .
everywhere on E and if F has finite measure, then f;, — f converges in measure as well

Proof. Fix € > 0 and define
Enx ={z € E|3n> N :|fn(z) — f(z)| > €}

Then it is clear the F are decreasing, that is 1 C Es C ... C E. Since A(E) < 0o, by monotonicity
of measure we have that all the Ey have finite measure as well. Furthermore as fr, — f a.e. on E,

we have that
A(() Ex) =0
NeN

thus the limit of the measures of the E is zero as well. So there exists an N such that A(Ex) < e.
So for every n > N we have

{zreE:[fi(x) - f(z)| > €} CEx

measure .
and so fy ———— f converges in measure as well. O

<back2top>
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10 (Fall 18’ Problem 7)

(a)

Suppose f is non-negative and integrable on some measurable function E. For a > 0 define
E, ={x € E| f(x) > a}. Prove that

1
m(Ea) < /E fdm.

Proof. We consider the simple function defined as g(z) = axg,(z). Then we have that
0 < g(z) < f(x). By Monotonicity we have

am(E,) = / gdm
E
< fdm
E
As a > 0 we divide by « to obtain
m(Ea) S - fdm
aJg
as needed. O

Suppose [ is non-negative on F and [E f=0. Prove f =0 a.e. on E.

Proof. We appeal to the inequality from part (a), take @ = % where n € N. Then by (a) we
have that

m(By) = m({z € E| () > 1))

thus 1 has measure 0 and we can compute

m(Ey) = m({z € E|f(z)>0})
1
= m(Ulre Bl i@ >}
neN
which is a countable union of measure 0 sets forcing m(Ey) = 0 thus f =0 a.e. on E. O

<back2top>
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11 (Fall 20’ Problem 1)

Show the exterior meausre of the closed unit interval is 1.

Proof. We will show that m.([0,1]) < 1 and m.([0,1]) > 1 to conclude the outer measure is 1. First
note for d = 1 by definition of volume we have the volume of [0, 1] is just

[[0,1]] = 1.

Now to show the first inequality, note that as [0,1] itself is closed, we can take I; = [0,1],1; = 0
for j > 2 as a covering of [0, 1], then we have that

m.([0,1]) = f{) |5}

= inf{) _[[0,1]]}
< [0, 1]|
= 1.

Thus m.([0,1]) < 1. On the other hand let {I;};>1 be a countable covering of [0, 1], that is,

0,1 c | J 1

i>1
Then we have that
Z|IJ| > |UIj|
J J

> [0, 1]]
= 1

Then inf{} [Z;[} > 1 and thus m.([0,1]) > 1 as needed forcing m. ([0, 1]) =1 as needed.
Next we can show m,([0,1] N Q) = 0. Note since we have

0,1]NQcQ

By monotonicity we have that
m.([0,1] N Q) < m.(Q).

Thus it suffices to show the RHS is equal to 0. First I claim that singleton sets have measure zero.
Let A = {a}. Then for any ¢ > 0 we have that

AC (a—e€a+e).

Then by monotonicity we have that

m«(4) < mu((a—e€a+e))
= [la—ea+e)
= 2e

18



thus A has measure 0. Next I claim any countable subset of R has measure zero.

B,, := {b,} then we can express a countable subset B of R as
B = U B,,.
neN

and we can thus compute

m.(B) = m.(|J Bn)

neN

< Z m.(B
neN
= 0,

Forcing m.(B) = 0. It follows that m.(Q) = 0.

Next we can show that m.([0,1)\Q) = 1. For < note ([0,1]\ Q) C

have

m.([0,1]\Q) < [0, 1]]
1.

For the other direction, first note that
[071] \@U[Oal]m(@: [071]

Then we can compute by countable sub-additivity.

1 = m(0,1))
= m([0,1]\QU[0,1]NQ)
< mi([0,1]\ Q) + m.([0,1] N Q)
= m([0,1]\ Q).

giving us m,([0,1] \ Q) = 1.

19

If we take

[0, 1] thus by monotnonicity we



12 (Fall 20’ Problem 4)

Let E =[0,1]\ Q. Given € > 0 construct a closed set F' contained in E such that m.(E\ F) <.

Proof. Let € > 0 be given. Let {¢,} be an enumeration of Q N [0,1]. We can then define F' to be
given as

> € €
F= [0,1]\U(Qi— %,Qi‘f' F)
i=1

It is clear to see that F' C E. We can now compute

m(E\F) = m(

T

s
Il
-

€ €
(Qi—ﬁﬂlﬁrﬁ)\(@)

I
=S
ot

s
Il
—

(@: = 374 + 37)) — M(Q)

€ €
= m((J(a — i i + ﬁ))

Tt

Il
_

e

€ €
lg; + ST (g — ﬁ”
i=1
oo
B €
= D 5
i=1
< €
as needed. O

<back2top>
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13 (Fall 20’ Problem 4)

Let K C R? be compact and let O,, = {z € R? | d(z,K) < %} Prove that lim, . m(O,) =
m(K).

Proof. First note that the O,, are a decreasing sequence of measurable sets. That is, for every n
we have

On 2 OnJrl'

Furthermore we have m(0;) < oo, by Monotone convergence for decreasing measurable sets we can
conclude that

lim m(0,) =m([") On).

n—o00
=1

3

We are left to show then that

I.e., we must show
o0
(On=K
n=1

via set containment. Clearly we have K C (),—, Op. To show (,—; O,, C K suppose there exists
some p € (7, O, \ K. Then there exists a sequence {y, } in K such that

1
lyn —pl < —.
n
Thus p is a limit point of K which contains its limit points forcing p € K as needed. O

<back2top>
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14 (Fall 20’ Problem 3)

Show if f is Lipshitz and defined on a measure set F, then the measure of f(F) is zero as well.

Proof. Let k be the Lipshitz constant, then for any x,y € R we have

|f(y) = f(@)| < kly — |

Let E be a measure zero set. Then for any given € > 0 E can be covered by ball of radius r;,
o0
Ec|JB,
j=1

Where Y22, m(B,;) < e. By Lipshitz continuity, for each j, f(B,,) is contained in a ball of radius
kr; thus
m(f(By,)) < km(B,,)

Then we have that
m(f(B) < kS m(B.,)
j=1
< ke

Since € > 0 was arbitrary, m(f(E) = 0 as needed. O

22



15 (Fall 19’ Problem 2)

(a) Prove sub-additivity for exterior measure, that is,
oo oo
() B0 < Som.
k=1 k=1
for arbitrary collection {E}}72, of subsets of R.
Proof. If there is a k such that m.(Ey) = co then we are done. Thus for every k we can assume
my(Fy) < oo.

Let € > 0 be given. For each k we can find a countable covering of E}. That is, we are guaranteed
to find a collection of closed set {I¥}; with Ej, C U; I¥ such that

€
D IIF < ma(Ex) + ok
J
This gives us
U U
k k.j

And we can compute

k k.j

k
- Zm*(Ek) + €
k

and e was arbitrary thus we are done. O

IN

IN

(b) Prove monotonicity for exterior measure. That is, for A, B C R arbitrary we have if A C B,
then
my(A) < my(B).

Proof. Let A, B € P(R) be arbitrary with A C B. Then if {I;}, is any countable cover of B, then
it clearly also covers A. Then
A) <>,
J

which holds for every countable covering of B thus we can compute
m.(A) < inf{)_|L]}
J
= m.(B).

as needed. 0

23



(c) Let E C R? and € > 0 be given. Show there exists an open set O O E such that the exterior

measures differ by e.

Proof. If m,(E) = oo, then taking O = R give the desired result. Suppose then that m.(E) < 400
and let € > 0 be given. By definition of the exterior measure we are guaranteed the existence of a
countable collection of closed cubes {I;}; such that

Ec|J
J

and that

€
SILI< B+ 5.

J

Let I; be a closed cube such that

and

11 < 15| +

Then we can take our open set to be

I; Cint(I7).

€
2j+1°

0 =Jint(I})

J

which is open as arbitrary unions of open are open and it is clear to see £ C O. We can thus

compute

m.(O)

as needed.

<back2top>

IN

IN

IN

inf » "~ [int(I})]
J

>

J

oI+ 5

j
|E| + €
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16 (Spring 19’ Problem 6)

Determine the following integral:

n—00 n

lim / (1—&-%)7"6721‘6[1’.
6

Proof. We will appeal to the DCT. First note that

lim (1+

E)n — %
n—oo n )

Then we can define f,, := (1 + %)"6*2”” and it is pretty clear to see that

—

Jn = X[6,00)€

a.e., then the integrable function g can be defined as g(z) = Xx[0,00)¢”* and we clearly have that

g(x) is an upper bound for the f,, thus by the DCT, the given integral converges to the integral of
X[G)Oo)eim, that is,

lim (1+ g)"e*%dac = / e Tdx
n—oo Jg n 6

and the RHS here is just e 6. O

25



17 (Fall 19’ Problem 8)

It f € L'(R?), then
Hfh, - f” - 07

as h — 0.

Proof. Note first that simple, step, and continuous functions of compact support are all dense in
L'(R9). In particular, for any € > 0 we can find a g continuous of compact support such that,

If =gl <e

< back2top>
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18 (Spring 19’ Problem 4)
Give definition of Leb measurable and show the open set defintion holds as well.

Proof. Let E C R? be Lebesgue measurable. By definition we have that E° is Lebesgue measurable
as well. Then for any € > 0 we are guaranteed the existence of an open set U D E° such that

m(U \ E°) < e.

As U c R? is open, by definition we have that U°¢ is closed. Moreover, since E¢ C U we know
U¢ C F and so we have

m(E\U®) = m(U\ E°)
< €,

as needed. Additionally we can show that

m(E) = sup {m(F)}
FCE,closed

27



19 (Fall 19’ Problem 9)

Prove the BCT using Egorov.
Proof.

Egorov’s Theorem: Let {f,} be a sequence of measurable functions define on a finite
measure set F. If f,, — f, then for any € > 0 there exists a closed set A C E such that
frn — f uniformly on A, and m(E \ A.) <e.

BCT: Let {f.} be a sequence of bounded measurable functions supported on a finite
measure set F. If f,, — f, then f is measurable, bounded, supported on F and

[1t.= 10

So let us suppose Egorov’s holds. Let {f,} be a sequence of measurable functions supported on a
finite measure set. Note that f(x) is bounded by M and vanishes for every x € E°. Since f, — f,
for any € > 0 we are guaranteed the existence of a closed set A, C E such that

Jn—=f

uniformly on A, and that
m(E\ Ac) <e.

Thus for large n, we have for every x € A, that

|fn—fl <e

[4|fn—f|+[E\A o — ]

€ €

< em(E)+2Mm(E\ A.)

Then we have

IN

J

and e was arbitrary thus we are done. O

<back2top>
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20. Functions tending to zero with non zero integral on [0, 1]

(UCR QUAL)

Prove or disprove: If f, : [0,1] — R is a sequence of continuous functions such that for every
z € [0,1],
lim f,(x) =0,

n— o0
then
1
lim fn(z)dz = 0.
0

n—roo

Proof. Disprove. Consider the sequence of functions

fulz) == %Sin(n%).

diverges for = € [0, 1]. O

29



21.Difference of f; and f tends to zero (UCR QUAL)

Let f be integrable on R. Prove that

limn |7z + b) = f(@))dz = 0.

Proof.

30



22. Absolute continuity of Lebesgue integral

If f is Lebesgue integrable on R?, then for every given € > 0, there exists a § > 0 such that

fin<e

Proof. We can safely suppose that f > 0. Then define

In(w) = f(z) XEBy,

whenever m(E) < 6

where

Env:={ze€FE: f(z) <N}
Then clearly the fy are measurable. Furthermore, one has for every N € N that
IN < fnsre

Then by the Monotone convergence theorem, for any given € > 0, there exists some N € N such
that

/f_fN<§§ ().

Next choose § such that § < 5. Thus if m(E) < §, we can compute

f:/f_fN+ In adding 1
E E E
< / f—In+ / In monotonicity of Lebesgue integral
E
< /f — v +m(E)N by definition
g/f—fzv+§ as m(E) < 6
€ €
<-+3 b
<5+5 y (%)
=€ adding fractions
and as € was arbitrarily chosen, we are done. O

< back2top>
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23. Bound on Hardy Littlewood maximal function

Let 1 i
f*(x) = sup m(B) /B |f(y)|dy.

zeB 1T
Prove then that J
3
m({z e RY: f*(z) > a}) < =—||f]|z:-
«

Proof. First a small lemma:

Vitalli’s Covering Lemma Suppose Bj,..., By is a finite collection of open balls.

Then there exist a finite disjoint subcollection B;,, ..., B;, such that
N n
m( U Bk) <3y m(B,,).
k=1 j=1

Back to our proof. Define
Ey:={z cR: f*(x) > a}.

Then for each x € E,, one can find an open ball B, containing x such that

1
m(Bw)

/Iﬂwwy>m
B.

then for each x one has

mB) <2 [ Il ()

x

Next, as Lebesgue measure is a regular measure, one can show the inequality holds for an arbitrary
compact subset of E,. Thus we can fix some compact subset K C E,. Then clearly {B,;}scrg, is
a cover for K which is compact thus there exists some finite subset A C E,, such that

K c | B..
€A

Hence we have a finite collection of open balls, namely (J,. 4, B.. Then by our Covering Lemma,

there exists a finite disjoint sub-collection, call it By, ..., By, such that
N
m( U Bm> < SdZm(B,;j); (x%).
zEA j=1
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Then one can easily compute out

m(K) < m( U BJ;) Monotonicity of measurable sets
€A
N
<31)_m(By)) by ()
j=1
37 o /
= — £ (y)|dy by ()
d
= ik | f(y)|dy by disjointness of the B,
« U;V:1 B:cj
Sd
= @ Jra |f(y)|dy Monotonicity of Lebesgue integral

and since this holds for some fixed compact subset under a regular measure, this holds in general
and we are done. O

<back2top>
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24. Integral of composition equals integral of greater than set
times derivative

Let f:[0,1] — [0, 1] be continuous and ¢ : R — R be C'! with ¢(0) = 0. Prove that

¢po fdx = /m({:L' € [0,1]: f(x) > t}) ' (t)dt.

h [071]

Proof. We compute the RHS:
/m({x €1[0,1]) : f(x) > t})o X{z€[0,1]:f(z)>t}dxd’ (t)dt  definition of Lebesgue integral

X{t:f(x) >ty dz @ (t)dt unsure

integrating ¢’(t) from 0 to f(z)

/x{t fla) >t}¢> t)dtdx Fubini’s Theorem

as needed. O
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25. Convergence in L? implies convergent subsequence (UCR
QUAL)
Let {f.} C L%(R) converge to 0. Prove f, has a subsequence that converges to 0 a.e.
Proof. First a small lemma:
Convergence in measure implies convergence a.e. of a subsequence.
We show that f,, converges to 0 in measure. That is, show
m({z : [fu(z)] > €}) = 0

as n tends to oo. Convergence in L? implies

lim /|fn\2dm:0.
R

n—oo

Set A.(n) :={x € R: f,(x) > €}, then one can compute

/ | fn]2dm > / | fn?dm monotonicity of Lebesgue integral
R Ac(n)
> / e2dm by assumption
Ac(n)
= e?m(Ac(n)) definition of Lebesgue integral
=Em{x 2 |fulz)] > €}) by definition

Thus dividing by €? we obtain

mi(e s ful@)] > o)) < 1zl

as needed. Then by our Lemma, as the f,, converge in measure, they have a subsequence converging
to 0 a.e. O
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26. Convergence in measure implies convergent subsequence

a.e. (UCR QUAL)

Show if {f,} is a sequence converging to f, then there exists subsequence of f,, converging to f a.e.

measure

Proof. Suppose f,, ———— f. That is,
m({a: |ful@) = f@)] > ) > 0 asn - o,
Given any € > 0, setting e = 27% for k € N we can choose ny, such that
m({z ¢ |fu(e) — f@)] > 275} <27F ()
whenever n > ny. Without any loss of generality, suppose ng11 > ng for all £ € N. Define
A=Az | fu (@) = f(2)] > 275}

By (*) we have that

Em:(Ak) < iﬂ < o0,

k=1 k=1
Then since the sum of the measures is m—finite, by the Borell-Cantelli lemma, we have

m( lim SupAk> =0,

r—00

this forces

lim f,, (x) = f(z),

k—o0

as desired. 0
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27. For f € L'(0,00) there exists a sequence z, such that

T f(x,) — 00 as n — oo.
Show if f € L'(0,00), there exist a sequence x,, — oo such that

3R, Onf (om) =0

Proof. Let
c:=lim inf z|f(x)|.
T—r00

If ¢ = 0, then a sequence exists. If ¢ > 0, then there exists some A > 0 such that

for allz > A.

N O

ol f(z)] =

Then we have

/ Ifldmz/ \Fldm

(0,00) (A,00)

2/ e
A 2x

=3 In(x)

= Q.

A

This contradicts f € L'(0,00) which implies [ | f|dm < oo
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28.

Show if f € L'((0,1) and g is defined via

g(sc):/ @dt

Prove g € L'((0,1)).

Proof. Differentiating we obtain

this implies

Then integrating we obtain

Integrating by parts using

We have that

1
+/ g(x)dx integration by parts
0

= /0 g(x)dx since g(1) =0

Thus

as needed forcing g € L'((0,1)).
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